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PREFACE 

Volumes II and III complete the school course including suitable 
work for university scholars in their last terras at school. 

The authors have attempted to concentrate attention on the 
fundamental principleSj*methocls and notation which furnish the 
tools necessary for more advanced work. They believe that many 
of the topics which constitute the conventional course are only of 
value in so far as they illustrate general ideas, and that much of 
what has been called ‘ higher algebra ’ in the school course should 
be scrapped. Only the reqviirements of certain examinations have 
prevented them from pursuing a more drastic policy than they 
have actually adopted. 

The account of the difference (A) notation in Chapter X forms 
an introduction to the study of difference equations in Chapter XI, 
and taken in conjunction with the sketch of the principles of 
probability in Chapter XVIII should enable those concerned with 
actuarial work to learn the essentials of these subjects before 
taking a specialist coiu^e. Some of the examples on probability 
may appear to be remote from actual life, but the more practical 
applications do not always provide the simplest illustrations of the 
principles involved. The philosophy of probability lies outside 
the scope of this work. 

Difference equations, or recurrence formulae, are of great impor- 
tance in mathematics, even apart from their valuable analogy 
with differential equations. Recmrring series and continued 
fractions at least have the merit of providing illustrations of 
difference methods. 

In Chapter XII the distinction between theorems of real and 
complex algebra is emphasised and for this purpose the authors 
believe that the new terminology introduced on p. 263 will be 

V 
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found of real service to the student : the mature mathematician 
may find it unnecessary. The main thome of this chapter is the 
fundamental theorem about Af -\-Bg = l, and special care has been 
taken to show how the theory of partial fractions can be derived 
from it. In practical decomposition into partial fractions the 
choice of the best method is a matter of experience and therefore 
the various alternatives have been copiously illustrated by 
examples in the text. 

In Chapter XIII Descartes’ Rule of Signs has been treated more 
fully than usual and its special value m'Ai incomplete equations 
has been emphasised. The importance of the considerations of 
weight and order in the theory of symmetric functions of the 
roots of an equation has been stressed. Newton’s formula has 
been enunciated in a form slightly more comprehensive than is 
customary. 

The early part of Chapter XIV is of great importance, because a 
sound understanding of the principles of convergence is essential ; 
but the developments in the later part of the chapter should 
be left for a second reading. Although inequalities are not 
discussed systematically imtil Chapter XV, simple examples of 
their manipulation necessarily occur in Chapter XFV and the 
fundamental logarithmic inequality which was given on p. 108 
of Volume I is required in some of the examples. 

In Chapters XV, XVI, XVII the student is introduced to sub- 
jects of special significance in modem mathematics. Although he 
may be well-advised to rely at first on ab initio methods in dealing 
with inequalities, he can profitably make a start at learning the 
forms into which the simple special results can be generalised. To 
pursue this subject further he will naturally take up the study of 
Inequalities by Hardy, Littlewood, and P61ya. Attention is 
called to the introduction of the 8- mid c- symbols and the use of 
dummy suffixes. Too often the young student at the university is 
plunged into some subject in which these are the normal working 
tools, although he has had no preliminary training in their me. 
ITie same applies with even greater force to matrices. 
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The subject of Chapter XIX is a fascinating one. Any pure 
mathematician is certain to be attracted by it, even though the 
account here given does not give much indication of the lines of 
modem research in Theory of Numbers. 

For the convenience of teachers, the exercises are divided into 
sections A, B, C : both the A and B questions are straightforward 
applications of the bookwork. It is suggested that all the A 
questions should be done. The B questions are intended for extra 
practice when this is necessary. The C questions are harder but 
have been carefully grodfed. 

Short boolts of Hints for the solutions of any examples that are 
not immediate deductions from the bookwork have been compiled 
for Volumes II and III, and it is suggested that the student should 
have access to these books. Teachers cannot always find time to 
discuss various methods of handling a problem, and, even when 
the student has not failed to discover a solution, it wilh often be 
helpful to him to compare his method with another. The hints 
consist, in effect, of a very large number of illustrative examples 
solved in outline. 

An index to Volumes 1, 11, III is given at the end of Volume III, 

The thanks of the authors are due to Mr. W. Hope -Jones of 
Eton and Mr. T. A. A. Broadbent for advice on the probability 
and sequence chapters respectively, and to Mr, P. Hall of King’s 
College and Mr, W. G. Welchman of Sidney Sussex College for 
advice about matrices. They have again to thank Mr. J. C. 
Manisty for valuable assistance at the proof stage. 


June, 1037 


A. R. 

C. V. D. 
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CHAPTER X 


FINITE SERIES 

Some simple series associated with the binomial theorem for a 
positive integral index have been discussed in Chapter II, and 
the use of the calculus in connexion with the summation of 
series has been illustrated. Further extensions are given here. 

The Multinomial Theorem 

If n is a positive integer and ( 3 ;^ + a;, + .. . + is expanded by 

direct multiplication, every term of the expansion must be of the 
form ajj"* . . . where rij + n, + . . . + — n. Hence 

(ajj + a?, + . . . + == V (Aa;,«i 

The value of A depends on ... and is the number of 

times that the term occurs in the product 

(ar,+a;,+ .,.+*„){a;,+a:, + ...+a;J ... (ajj + «,+ ... +a;J 

where the number of factors is n. But the term occurs once for 
each possible way of selecting aTj from brackets, x^ from 
brackets, x^ from n, brackets, ... , and hence (see p. 7), 


riyln^l ...n^! 

/. (xj + *+... + = S ^ f ^ 


where n^, n,, assume all positive integral and zero values 
such that ni + n, + ... + n^ = n. 

This is called the mtUtinomial theorem ; its use is illustrated 
by Example 1 which follows. 


195 
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BxampU 1. Find the coefficient of in the expansion of 
{U3x-ac>P». 

The general term of the expansion is 


p\Q\T\ 

where p + 5 ' + f= 10. 

TerniB in x’ are given by g + 3r=7, that is by r = 0, q~l 
p - 3 ; by I, 5 = 4, p = 5 ; and by r=: 2, 1, p — 1 
Therefore the coeflScient of is 


3!7!“^6!4I^' ^'^7!2r' 


and this reduces to 2*. 3*. 6. 29. 


Example 2, If w is a pc^itive integer and if 


0 


prove that (i) Oy = aa„_r; (ii) Oa + Oi + ••• + ««-!==» (3” -On) 
(iii) (r+l}a^^^-{n-r)a^ + {2n-r+ \)ay_i, {0<r<2n). 

2n 2n 2m 

^a,x^^~^ = {x^ + x+ = = 

0 0 0 

“r = «*n-r 

(ii) Put x= 1, thus (1 + 1 + l)^ = a^ + a^ + ... +o,„. 

But 02n~®*» •“ 


/. 3»^-2{ao + fl, + ... + a„_2) + fl„ 
/. Ofl + »! + ... + o„_i = 1(3" - aj. 


(iii) By differentiation, 


n( 1 + a; + a:r “'(1 + 2ip) - S 
0 

2n 2n 

/. n(l ■\-2x)'^afX'^^{l-\-x-\-x^)^ra.x'^~^» 
0 0 

Equating coefficients of !»*■ (0 < r < 2n), 

nUf + ~{r + + ra^ + (r - 

(r + l)a!,.+i = (n - f)a, + (2n - r + l)a^_| . 
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The coefficient of in the expansion of (1 + aJ)'* is usually 
denoted by ^Gf or by , For brevity in this chapter it is 
denoted by when 1 < r < n ; also c, stands for 1. 
n 

Example 3. Evaluate 2 aj*" 

1 

* d 

Writing 2 for 2 ^d D for , we have 2 c,.®*' = (1 + a?)**, 

and 2 + *)””*) 

and 2*’*Cfa:'':r=a;Z>[a;D{na:(l 

Hence, performing the differentiations, 

2r*c,.aj^=na:(l +a;)”''*{l + (3n - I)a; + n*a:*}. 

Series of this kind are sometimes called inte^ro-bin(ymial series. 
A more general result is given in Exercise Xa, No. 33. 


EXERCISE Xa 


Calculus methods are suitable for questions marked •. 


A 


1. Find the coefficients of a*hcd and a®6* in (o + 6+c+d)*. 

2. Expand (o + 6 + c)*. 

3. Find the coefficient of jc* in the expansion of 

(l + 3a:+2a:>)*. 


*4, Evaluate 
to n terms. 




6. Find the value of 21/(pt?!*‘l)» where the summation 
extends to all positive integral and zero values of p, r such that 

p + gf + f = n. 

*6. Evaluate + to n+ 1 terms. 

w« 

•7. If (1 + sc + a;* + . . . + x '^)^ = 2 prove that 

0 

tna 

2ra,= fmn(m + 1)* 

1 
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[ca. 

8. Prove that 

C) - C- J) + Cr 2) 

n+l 

♦9. Prove that t (r* - 2r + 2)c^_i = (»* + n + 4)2«-> 

1 

10. [VanderTnonde^s theoreM] Differentiate the product 

n times by Leibniz’ theorem and deduce that if n is any positive 
integer^ 

[P + 3]n = [pin + Cl [p]„-i Ml + C, [Plft-i M* + •• • 
where [m]f = m{m- l)(m- 2) ... (m-r-f 1). 

2n 

11. If {l + x + |x®)” = S Of prove that 

0 

(i) + + ... + Ojn-i “ " l)/2”+^ 

(ii) 2(r + lK+i + 2(r-ft)a,+ (r-l-2n)a,_i = 0, l<r<2n-i. 

12. If m is a positive integer, prove that 

(i) 0<(3-s/7r<l, 

(ii) {3 + V?)™ + (3 - V7)”* is an even integer, 

(iii) if + + where AT is an integer and 

0 < 1, then (3 - V7)»» = 2^1{N + F)<1, 
Hence deduce that F + ^l{N + = 1 and that N is odd. 


B 

13. Find the coefficient of abode in {a + h + c + d + e +/)*. 

Find the coefficients of the named powers of x in the expansions 

of the functions in Nos. 14-16. 

14. (l-l-2x-|x3)*; a-s, I5. (l + 3x + 2xy; 


16. (l-2x + 3x®-4x*)*; 

ft 1 2” 

17, Prove that X 

♦18. 


'or!(n-r)l ni 

^ , 2n+l „/2n-HV , , 

Evaluate ^ + + 


to n terras. 


. 1 + x 

19. Prove that c- - c, r— H c 

^ I + nx 


l-t-2x l + 3x ^ 

{1 +nx)* (1 -l-nx)* 


•20. Evaluate icj - -t - ... to w-l- 1 terms, 

4ft 

21. If (l + x + x*)®”sSa,.xL prove that 
0 

o, + a, -i- Oj + . . . 4- = I (9” + 1 f 2a^,). 


= 0 . 
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x] 

22. Prove that 

{m + 1)!"*" (m + 2)!"^ (m + n)! 

_ (ffl + n+ l){w + n + 2) ■■■ (m + 2n) 

(m + n)! 

[Use (l+a:r+"(l+a:r = (l + a:r+®"] 

*23. Sum to n + 1 terms ; 

i - 3C1 X + ICg + . . . 

24. If (3>y2 + 4)®’” = N+ where m, N are positive integers 
and 0<F< 1, prove that.N = (3vy2 + 4)^^ + {3sj2 - 4)=!"*- 1. 


25. Prove that 

c,2+2c,- + 

26. Prove that 

(i) 


_ (2n - 1)! (n l- 2) 
{n- 1)! nl 


(y„ 1) g) ^ + ^ terriis = 2''c^ 


\r^2J 


C)+=‘C^) ' '^C-2)+- *“ 


*27. Prove that X { - - T)(n - r r l)(a - r + 2)e^ = 0, if n>3. 

0 

2n 

28. If (1 “X + x^)" = S«r^‘^ prove that 

0 

+C 3 ct^_s + ... to r + 1 terms 

equals if r is a multiple of 3, and otherwise is zero. 

29. With the notation of No. 10, if n is any positive integer, 
prove that 

[a + 6 + .]„ = S^j^W.[6],W„ 

where the summation extends to all positive integral and zero 
values of p, q, r such that p + g + r = n. 

30. Find the sum to r + 1 terms of 

/3n\ • 3n /3ri - 2\ 3»(37? - 3) /3n - 4 \ 

3n(3n-3)(3a-e) /3/i-6\ 

1,2.3“ Vr-3/'^*’' 


D.R.A.A. n. 
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*31. Prove that the i5um to n + 1 terras of 


[oa. 


n{n + l) (n + l)(n + 2) ' (n + 2)(n + 3) 
equals tir, and evaluate the integral. 

*32. Sum to n + 1 terms 

_P P(P-1) 


1 + Cj - 


-n + 1 (j3-n+ l}(p-n + 2) ' 

*33. If 

2 /} iy+ a^r(r- l)y> + + aj^rir - 1) ... (r - A; + l)y*, 

prove that | Fj^{r, l}c^x^ = {l + xrF;^{n, ar/(l + *)}, 

r-O 

[Differentiate ( 1 + a;)" = 1 + a; + Cg x* + . . . + k times in sue- 
cession* multiply respectively by a,, a^x, a,x\ ... , and add.] 
Deduce from this result the values of 

(i) 2 (ii) X (r* - r*)c^x^ 

0 0 

*34. Differentiate n times the product e*xe®®coa6a; by 
Leibniz’ theorem, and deduce that the sxira to n + 1 terms of 

cos^ + CiTcos (0 + ^)4Cjr*cos(d 4 2^) 4 ... 
p^cos (04n.A), where psin A=rsin^ and pcos Agrees ^4 1. 


4 ... (p>n- 1) 


Method of Differences. Some examples of the use of difference 
methods have been given in Chapter III, pp. 37-43. We add 
further examples here, and shall discuss the method on more 
general lines later. See pp. 210-220. 

The method of finding the sum to n terms of the series 
«i4u,4u,4... 

when the general term can be expressed in the form 

was explained on pp. 37, 38. Examples 4, 6 below should be 
compared with Example 2, p. 38 and with the summations (i), 
(ii) on p. 39. 
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ExOiWple i. Sum to n terms ; 

1 1 1 
1.4.7'^4.7.10'’’7.10.13'' 
1 
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The term m, is 
But 


(3r-2){3r+l){3r + 4) 
1 1 


(3r-2){3r + l) {3r+I){3r + 4) 


(3r-2)(3r+l)(3r + 4) 


= 6m- 


•{(3r-2)(3 


l(3r-2)(3r+l) (3c + l)(3r + 4)i ’ 

Hence, putting r= 1, 2, 3, , n in succession and adding, 

Note, It follows that the sura to infinity (see p. 57) of this 
series is 


Example S. Sura to n terms : 

2.6 + 5.8 + 8.11 + ,,, 

The rtli term is (3r- l)(3r + 2). 

But {3r - l)(3r + 2)(3r + 5) - {3r - 4)(3r ~ l)(3r + 2) 

= (3r-l)(3r + 2){(3r + 5)-(3r-4)} = 9M,.. 

- J{(3r - l)(3r + 2){3r + 5) - {3r - 4)(3r - l)(3r + 2)}. 

Hence, putting r= 1, 2, 3, ... , n in succession and addii^, 

«! + M, + ... + «„ = |{(3n - l)(3tt + 2)(3» + 6) -{- 1)(2){5)} 

= 3n* + fin* + n. 

Examples 4 and 5 illustrate two general types of series to which 
many others can be reduced. In Example 6, all terms contain 
the same number of factors which are successive terms of an a. p. 
and the initial factors are successive terms of the same A.P. In 
Example 4, the terms are the reciprocals of terms of the type illus- 
trated in Example B. The methods given above for discovering 
the required difference can be applied similarly to all series of these 
types. 

The reader should now vx>rk Exercise Xb, Nos, 1-4. 
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n n 

The sums of the series + 1)(^ + 2), etc. wore 

1 1 

©btainecl on p. 39 by the method of Example 6. Any series 
whose rth term is a rational integral function of r can be summed 
by reduction to this tjT)e (cf. Example 3, p. 40). 

Examph 6, Find the value of - 6r® - 4r 1 3). 

1 

If we write 4r® - Gr* - 4r + 3 in the form 

a^ + + aj^r{r + 1) + a^r{f + l)(r+2), 

the required sum is 

+ fla 2 + 1)} + »8 2 + l){r + 2)} 

1 1 ^ 

and by p. 39 the sum is 

0(,« + |a^n{n+ l) + iGran(n+ l)(n + 2) + ia3n(n + l)(w + 2)(n + 3). 

The values of a^, a^, can be written down in that order 
by inspection, thus 

a, is the coefficient of r*, /, - 4 ; 

a, + 3a j is the coefficient of r®, that is - 6, a, = - 18 ; 

+ 2O3 is the coefficient of r, tliat is - 4, = G ; 

a„ is the term independent of r, ^ 3. 

Hence the sum equals 

3n + 3n(n+ 1) - 6n(n+ l){n + 2) + n(n+ l)(n + 2){n + 3) 
which reduces to n*(n® - 4). 

Note, The values of Uq, a^, a^, are the remainder obtained 
by dividing 4r® - GH - 4r + 3 in succession by r, r + 1, r + 2, and 
may therefore be found by the method given on p. 161, if not 
easily determined by inspection. The working would then be as 
follows : 

4 . 6 -4 +3 
4 -10 +6 

4 -18 

o,= -18, a, = 4. 
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'I'lie series in Example 6 can also be summed by using the 
values of Seepp. 38, 39. Thus 

2(4r»~6r«-4r + 3) = 42?-“-62r*-4Sr+3?i 

1 

= n^(n + 1)* - n(n+ l)(2n+ 1) - 2n(n+ 1 ) + 3rt 
= - 4). 

This method is however inconvenient for functions of higher 
degree. 

The reader should now "vork Exercise Xh, Nos. 5-7. 

Examples 7-9 illustrate other series which can be reduced to 
the type summed in Example 4. 


Example 1. Sum to n terms : 

2 5 




The term 


3.7.11 7.11.16 11.15.19 

3r- 1 _ f{4r- 1) - 1 

“ (4r- l)(4r+3)(4r-H7) ~ (^4r - l)(4r + 3)(4?-+ 7) 


(4r-^3)(4r + 7) (4r- l)(4r + 3)(4r-|-7) 

The two series whose terms are 

1 , 1 

(4r+ 3](4r-j- 7) ^ (4r - l)(4r+ 3)(4r + 7) 

can now be summed by the method of Example 4, and the reader 
should verify that the sums are 

1/1 1 \ , 1 r 1 1 1 


‘(L M 

I V7 4n + 7/ 


and 


4V7 4n + 7/ 8 (3.7 (47i+ 3)(4w+ 7)j 

Hence the sum to n terms of the given series is 

3 1/1 1 \ 1 1 r 1 1 ] 

(4/i + 3)(4n + 7)j 


4\7 ^n + lJ 4 8\3.7 


ffhich reduces to 


24?i tl7 


17 


672 32(4n + 3){4n + 7) 


Note. The sum to infinity of the series is 


iL 

672’ 
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Examjjle 8. Sum to n terms ; 

3 4 


3 4 5 

1 . 2 . 4 '^ 2 . 3 . 5 '^ 3 . 4 . 6 '^''* 


The fOi term m- is — r-r; — ^ , Multiply the numerator and 
r{r + l)(r+3) ^ 

denominator by r + 2 to make the factors of the denominator 
successive terms of an a.p., 

r* + 4r + 4 r(r + 1) + 3r + 4 

l)(r + 2)(r + 3) “r{r + l){r + 2){r + F) 

_ 1 3 4 

“(r + 2)(r + 3)'’' (r + l)(r + 2)(r + 3) ■^r(r + l)(r + 2)(r + 3) ‘ 


/. continuing as in Example 7, we obtain 




\3 n + 3/ 2 12.3 (n + 2){n + 3)^ 

4/1 11 

*^3 11.2.3 (w+l)(n + 21{n + 3)/ 

, . , j .29 6n.* + 27n + 29 

which reduces to ~ - — t~-. — — • 

36 6(tt + l){w- + 2)(n “t* 3) 

AUernatively the series can be summed by expressing the 
general term in partial fractions as in Example 9, with which 
Example 5 (p. 116) should be compared. 

Example 9. Sum to n tenns ; 


1 2 3 

2.4.6'^3.6.7'^4.6,8''"‘“ 


r 1/ 1 6 6 \ 

(r+l)(r + 3)(r + 6)"8V f+l'*'r + 3 f + 6/’ 

■ G + D + ® G +,^2 + ^rb) 


— — - ^ ^ -l 

»+2 n+3 n+ 


L ^ \ 

+ 4‘^n + 6/ 
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XT « 17 1/ 1 1 6 5 \ 

Hence 2«r=;^+::l — r + — = ; 1 

1 96 8 \w + 2 7t + 3 w + 4 n-t-5/ 

The reader should now tvork Exercise Xb, Nos. 8-10. 

The general terras of the series summed in Examples 4-9 can 
each be reduced to one of the following forms ; 

(i) «y={a-t-(r- l)d}{o + rd} ... {a-^ (r-f A - 2)d} 

(ii) \)d){a-{'rd } ... {a + (r + A: - 2)d} ’ ^ 

where each term contain h factors which ore successive terms 
of an A.P. and the initial factors are successive terms of the 
same A.P. 

For type (i), see Example 5 (p. 201). The required difference 
is obtained by writing down % and inserting the next factor at 
the end. 

If v^~{a + {r~ l)d}{a'f-rd} ... (a -f- (r + A; - 2)d} {a + (r + A? - l)d}, 
- Vr_i == Uf [{a + (r -f A; - 1 )d} - (a + (r - 2)d}] = (A; -f- l)d 

w, + «, + ... -t- M„ = (t?„ - Vo)/{(A: + 1 )d). 

The sum can therefore be obtained by the following rule ; 

Write down the term and insert the next factor at the end ; 
divide the result by the increased number of factors and by the common 
difference. Then subtract from it the repression obtained by puiting 
0 for n. 

For type (ii), see Example 4 (p, 201). The required difference 
is obtained by writing down and removing the first factor. 

+ ... {a-j- (r-i-A!'- 2)d}* 

= l)d}-{u+{r + Ar- 2)d}]= ~u^{k- l)d; 

w, -f- Mj + . . . + M„ - - - vf)j{{k - l)d}. 

The sura can therefore be obtained by the following rule : 

Write doum the n** term and remove the first factor ; divide the 
result by the diminished number of factors and by the common 
difference and change ike sign. Then subtract from it the expression 
obtained by putting 0 for n. 
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Thus in Example 7 (p. 203) the nOi term can be expressed in 
the form 


(4n+Z){in+l) (4n-l)(4n + 3)(4n4-7) 

/. the sum to n terms is/(n) -/(O), whore 

111 i 24n + 17 


Iin) = 


l,4'4n+7 2.4' (4n+3){4n + 7) 32(4ri+ 3)(4n + 7) 


the sura to n terms is 


24n+17 


17 

32.3.7 3^4n + 3)(4/i + 7)’ 


No use should be made of these rules until the methods for 
obtaining the sums from first principles are fully understood and 
have been practised thoroughly. Many prefer to disregard such 
rules altogether. 

Another type of series is illustrated in Examples 10, 11, 


Example 10. Sum to n terms : 


4 4.7 4.7.10 


The term is 


4.7.10... (3r+l) 
fi.8.11...(3r+2)* 


But for r> 




^ 4.7...(3r+l)(3r + 4) 4.7 ... {3r- 2)(3 r + 1) 

' 6.8...{3r + 2) 5.8...(3r-l) 

/4.7...{3r+l)(3r + 4) 4.7 ... (3r- 2)(3r|- 1)1 
I 6.8...(3r + 2) ^ 5.8...(3r-l) /' 


Hence, putting r = 2, 3, ... , n in succession and adding 

" , f4.7...(3n + l)(3n + 4) 4.71 

+ 6.8...(3n + 2) 6 J 

_4.7...{3»+l){3n + 4) ^ 
2.6...(3w-lj(3M + 2) 
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The tests given in Cliapter IV are not sufficiently refined to 
determine whetlier this series is convergent or divergent. A 
proof that this series is in fact divergent is given on p. 350 in 
Example 16. 

The method used in Example 10 would not have been successful 
if the common differences in the numerator and denominator 
had not been the same. The series in Example 1 1 is substantially 
of the same type. A more general form is given in Exercise Xb, 
No. 40. 


Example 11. Sum to n terms : 

2 2.5 2.5.8 

Since this series can be written in the form 

i/(-3p) , (-3p)(-3p + 3) , (-3p)(-3p + 3)( -3^ + 6) , \ 

+ 2^5 + 2X8 + 

it is of the same type as the series in Example 10 and can be 
summed in the same way. If for simplicity a is written for - dp, 
the rth term of the series in the brackets can be written 

1 /a(a+3) ... (a + 3r-3){a + 3r) 

a+lV 2.5...(3r-l) 

ct(£i + 3) .. . (u -f 3r ^ G)(ct + 3r ~ 3) ^ 

077(37^^4) /’ ’ 

and it then follows that the sum to n terms of the given series is 

The reader should verify these statements. 


EXERCISE Xb 
A 

Find the sum to n terms and the sum to infinity when it exists 
of the series in Nos. 1-10. 

Ill 

1.6'^5.9^9Ti3'^“* 
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2 . ? + ! — + — ! — + 

8.11.14 11.14.17 14.17.20 

3. 1.4 + 4.7 + 7.10+... 

4. 2. 7. 12 + 7. 12. 17+12. 17.22 + .. . 

5. 1.4 + 2.7 + 3.10 + .., 

6. 1. 3. 6 + 2. 4. 6 + 3. 5.7 + .. . 

7. term, r(r+ l)(2r+ 1) 8. t 


9. term. 


10. ftii t^nn, 


2r-l 

r(r+l)(r + 2) 
r + 1 

r(r+2)(r + 3) 


, 3 3.5 3.6.7 

11. Sumtonterms.- - + 

,o C . X 1 1.3 1.3.5 

12. Sum ton toms: 0 + 2X6 + 2X6:8 + "' 


Find the sum to n terms and the sum to infinity when it exists 
of the series in Nos. 13-22. 


15. 5. 7 + 7. 9 + 9. 11 + .. . 

16. 1.6.9 + 5.9.13 + 9.13.17 + ... 

17. 2.4 + 5.7 + 8.10+ 11.13 + .. . 

18. 1.1 + 4.6 + 7.9+10.13 + .,. 


1 . 3 . 6 '^ 3 . 6 . 7 ^ 6 . 7 . 9 '*‘*^ 


19. rth term, 

20. rW* term, 


21. term, 


(2r-I)(2r+I)(2f + 3) 

1 

(2r-l)(2/ + 3) 

3r+l 

(f+l)(f + 2)(r + 3) 


22. rtb term. 


r(r+lj(r+3) 


23. Sumtonterms: ? + |^ + |^ + . 


24. Sum to n terms 


3.8 3.8.13 3.8.13.18 
4. 9'^4. 9714^4. 9. 14. 19^“' 
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Sum to n terms the series whose terms are « 
1 


! follows J 


25. 

26. 


r(r+l)(r+2)(r+3) 

I 




{o + (r - l)d}{a + fd}{a + (r + l)cZ} ’ 

27. r(r+I)(r+2)(r + 3) 28. {a + (r- l)d}{a + rrf} 

29. r*(4r-l) 30. r* 31. f(r-i- 2)(r + 6) 

32. • 33. r^r + l)(r + 2) 

(r+l)‘ „ 1 o. *-+1 


34. 


35. 


f(r+2) r(r + 2}{r + 4)(r-h5) 

Sum to n terms the series in Nos. 37-39. 


36, 


r(f-f2)(r-|-3)(r + 4) 


37. V 


2 ! 


3! 


38. 


P P(P + i) p(P+l)(P + 2) 

1 2! 3! 


+ 7 


P -1 (p-l)(p-2) (p“ l}(p-2){p-3) 

1 1.3 1.3.0 

40. Write down the smn to n terms of 

(o, - l)'fai(a, - 1) -l-Oiaj{aj - 1) -f Oja^aJa^ - 1) + . 


a + d^ 




and by substituting ^ for a^, for a^, 
the sum to n terms of 


for a-, 6nd 


a(o + dt) 


a(a + d,)(a-K/J 


■•f ... 


b + di (6 + d,}(5 + d,) (5 + dj(6 + d,)(6 + d^) 

Deduce from the result the sums of the series in Nos, 11, 12. 
41. Deduce from No. 40 the sum to n terms of 

. a a(a-t-d) fl(a + d){o + 2d) 

6^5^d)'^5{6 + d)(6 + 2d)‘^’'’ 
a a{a-d) a{a-d){a-M) 
b~b{bTd}'^b{b+d){b+2d)'’" 
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Difference Notation. We here discuss the subject on more general 
lines than hitherto, and introduce the difference notation 
From any series 

Ul, Wj, Wg, ... , 

may be constructed a series of differences 

Wj - U^, - Mj, ~ ll^f ... 

We write 

Wg -«i = AWj, Wj “ = Auj, ...» 

and call the series 

Auj, Amj, Atij, ... , AUf, ... 

the series of first differences. 

Similarly, writing for Am^^j - Aw^, we call 

A^Wj, A®Wg, A^Wg, ... , ... 

the series of secoyid differences, and in a similar way we can form 
series of 3^^^ 4^*^, ... differences. 

The series of first differences formed from the series of ifclh 
differences of the original series is the series of {k+ l)th differences 
of the original series, that is 

A(A^wJ = A*+*w, 

and more generally 

A^(A*wA = A*+'m^ 

It is sometimes convenient to use 

A“^Mi, A“^Wj, ... 

for the series which has 

Uj, Mj, 

as its series of first differences, and then 

Wj = A“‘^M3 - A-^Wg 
«i = - A'^Mj 


by addition Wj + + Wn = A'*M„ 4 ., - A“*Mi. 
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Thus the problem of finding the sum to n terms of a series 

+ + + ... is equivalent to the problem of finding 

or 

We have already in eJTect used this method of summation in 
many examples ; e.g. in Example 5 (p. 201) w„ = (37i- l)(3?i+ 2), 
and the argiunent amounted to showing that 

=i{3n - l)(3n + 2){Zn + 6). 

The process of finding may be compared with that of 

integration, and just as j^hero are many elementary functions /{x) 
of a continuous variable x such that \J{x)dx cannot be expressed 
in terms of elementary functions, so there are many elementary 
functions f{n) of a positive integral variable n such that 
cannot be expressed as an elementary function of n. 

We shall consider in this chapter some general types of function 
f{n) for which ISr^f{n) can easily be found, 

A“*/(tt) contains an arbitrary constant, because if 

then also {^{n+ l) + c} - {^(n) + c}=M„. 

EXEBOISE Xc 
A 

Find the rth term of the first diSerence series of the seri^ in 
Nos. 1-4. 

1. 1.2.3, 2.3.4, 3.4.6,... 2. 1!, 2!, 3!,... 

TXs- 2X4’ 3X5’- 

Find the rtli term of the second difference series of the series in 
Nos. 6, 6. 

5. 1*, 2*, 3*, ... 6. a, ax, ax \ ... 

Find A“*m„ and A”*m„^i - A“’«i, when has the values given 
in Nos. 7-ll, (see Examples 4-10, pp. 201-206) : 

7. r 8. r{f -I- 1) 9. 



212 

ID. 


ADVANCED ALGEBRA 


[CH. 


{2r+l)(2r + 3) 


11 . 


4.7,10... (3r+l) 
6.8.11 ...(3r+2) 


1 2, Evaluate 2 (r* + 1) (r f) 13. Evaluate 2 S 

l i(f+l)(f + 2) 


Find the fth term of the first difference aeries of the series in 
Nos. 14, 16. 


14, 1», 2*, 3>, 


2!’ 3!’ 41’ 


Find the rth term of the second difference series of the series in 
Nos. 16, 17. 

16. 1.2.3, 2.3.4, 3.4.5,... 17. logl, Iog2, log3, ... 

Find and ^ - A“^«i, when «- has the values given 

in Nos, 18*20, 

18, (4f-3)(4r+l) 19' 20. log(l + ^) 

21. Evaluate 2 7-^, 2' 22. Evaluate 2 f-Y 

I (r + 2)! ir(r + l)\3/ 


C 

23. If w^ = sm^8inr&, find A-^u„ and - A'^Uj. 

Find the sum to n terms and the sum to infinity of the series 
whose rth terms are the functions in Nos, 24-26. 


24. 


r* + r - 1 

{r+2)! 


25. 


2a; -f- 2r - 1 
(x + r)*{x + r- 1)* 


27. Sum to n + 1 terms : 


26. 


r + l 
{r + 2)\ 


o{o + di) ^ a{o + d|){o + d,) . 

28. Prove that the sum to n terms of 

__«i d,a, didjO, 

Oi + d, (oi + d,) (a, + d,) (a^ + d^) (a, + d,)(a, + d,) 
equals 1 - d, d, . . . d„/{(o, + dj{a, + d,) . . . (o„ + d^)} 

29. Sum to n terms : 


2 4 6 8 . 

1.3‘^1.3.5'*' 1.3.6.7'*' 1.3.5.7.9^‘** 
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Successire Differences 

If Uf — ar* where a and k are consfcanta (independent of r), 
AM^ = a{(r + l)*-r*} 






which is a polynomial of degree ifc - 1 in r* 

Also if u^=Vj.-i-Wf, 

it follows from the defin^iion on p. 210 that 
= Av^4- 

Hence if u^. is a polynomial of degree A: in r, 

AUf. is a polynomial of degree - 1 in r, 

A*«y is a polynomial of degree - 2 in r, 
and so on. Hence 

A**'*?*^ is of the form or + & where o, b are constants 
and A*«r is a constant. 

Also = 0 if m > fc. 

Consider for example the scri^f whose term is the ouUs 
polynomial r • + r. The series is 


2, 10, 30, 68, 130, 222, 350, ... 


and the successive difference series are 


8, 20, 38, 62, 92, 128, ... 

12, 18, 24, 30, 36, 

6 , 6 , 6 , 6 , 

0 , 0 , 0 

Thus A*«^- 6, A*Uy = 0, for all values of r. 

Conversely if A*«,.=: 0 for all values of r, it can be shown that 
A'u,. is coiistant, A^u^ is of the first degree in r, An, is of the 
second degree in r, and is a cubic in r. 
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For exainplo if A^ Uf, = ar + b where a, 6 are constants (indepen- 
dent of r)t then by definition 

AWf - Am^ = a® = ar + 6 

AWp- Ai(r^i = a(r - 1) + 6 

Aw,_i - Aw^_ j = a (r - 2) -t- 


Aiij - AWj=:a + 6. 

A by addition, Aw^- AMi = a{l + 2 -|- 3-l- (r- 1)) + (r- 1)6 
= ^r(r-l)a+(r-l)6. 

/. Aw^ = crHdr-|-6 
where c, d, e are constants. 

The general result is proved on p. 216, 

Example 12 » Find by the method of differences the rth term 
of a series which has 10, II, 14, 21, 34, for its first five terms. 

The series and its successive difierence series are 
10 11 14 21 34 

1 3 7 13 

2 4 6 

2 2 

Thus — 2 and A* 11^= 2, and if we assume that A®u^=2 for 
all values of r, the previous discussion suggests that is a cubic 
in r. That this must in fact be so is proved later (see p. 216). 
We then liave 

= oTo + Oj r + Oa r H tta r* 

and it is easy to find a^, a^, Oj, such that «j, have tlie 

values 10, 11, 14, 21 respectively, but it is simpler to write 

Putting r=l, 10 = Wi = 65 

r=2, ll-Wj = 6o + 6i, 6^ = 1. 

f = 3, 14 = Wg = 65 + 26i + 26„ 6j_ = l. 

r = 4, 21 = w^ = 65 + 361-1- 662 + 663, 6j = | 

A u,= 10 + {r-l) + (f-l)(r-2) + §{r-l)(r-2){r-3) 

= i(r*-3r“ + 6r + 27}. 
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The general statement made above may be checked by noting 
that for this form of 

Mj = |{125-75 + 25 + 27) = 34. 

The assumption that A®w,. = 2 for all values of r fixes the values 
of all the other terms of the series which begins 10, 11, 14, 21, 34, 
But if we are merely given these first five terms and do not make 
any assumption, we can continue the series in an arbitrary 
manner. For example the series determined by 

1 (r* - 3rH 5r + 27) 4- A (r - 1) {r - 2) (r - 3) (r - 4) (r - 5) 
for any value of A, not necessarily a constant, has also 10, 11, 14, 
21, 34 for its first five terms. 

Examph 13. Find by the method of differences the term of 
a series which has 10, 11, 14, 21 for its first four terms. 

The series and its sucoessive difference series ore 
10 11 14 21 

1 3 7 

2 4 

Here 2, = 4 and if we assume A®u^ = 2r, we obtain the 

series in Example 12 for which 

u, = ^(ri-3r* + 5r + 27). 

Alternatively we might assume that A*w,. = 2'' and we then have 
as on p. 214 since Aw^^j - Aw^ = A*w,. = 2'*, 

AUj. - Am^_^ = 2^“*, Am^^j - Am^_, = 2’'"^ , AWj - AW| = 2, 

Au, - Au^ = 2»--i + 2^-^ + ... 4- 2® + 2 = 2'' - 2. 

But Am, = 1, Am, -2^-1. 

Hence, by the same argument, 

m,-«, = (2''-i- 1) + (2^-‘'-1) + ... + (2»-1)4-(2-1) 
-2^-2-(r-l) 

But M, = 10, ‘ M, = 2'‘-r4-0, 
which is a solution of quite another form. 

The reader should now work Exercise Xd, Nos. 1-S, 

D.K.A.A. ir. 


0 
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General Formulae 
It has been pointed out that 

(i) = (p. 213) 

(it) = (p. 210) 

and these relations show that the symbol A operates according 
to the distributive and index laws of algebra. 

Now by definition 

+ and + 

hence - (w^ + Awj) + A(?i^ + Aiij} = + AwJ + (Awj + A^m^) 

= u^ + 2A?tj + 

But since the symbol A obeys the laws of algebra, this work 
might have been written 

?r3 = (l + A)?^^(UA)(l + A}«j 
= (1 + A)2w,-(1 + 2A + A^)wi 

= Uj-|-2Amj + A^Mj. 

Also w„^i = (l + A)”jii 

i.e. Au,+Q^ A®u,d-...+A“Uj 

where the coefiicients are binoinial coefficients. 

This is Icnown as Newton's Difference Fortmila, and it is easily 
remembered in the form (l+A)“Ui. 

It follows from this result that if the terms of the A;th difference 
series are all equal (and not zero), and therefore also is a 
polynomial of degree kmn. 

For if A*«,, is constant, i.e. independent of r, 
then A*=+iw,. = 0 = A*+*u^ = ... . 

Hence 

u^^^~u^+a^n + a^n{n- I) + ... + Ojj.n(n- 1)(« - 2) ... (n- 1:+ 1), 
where 

This is the general statement to which reference wa.s mode on 

p. 214. 
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xl 

Sum to n Terms 
By applying Newton’s Formula to the series 
A~^M3, 

for which the successive difference series are 


Ml, 

Mj, M3,... 

Awj , 

Amj, Amj, ... 

we have 



« 

n 

But m,.=A“^Mj.^, >- A'^m^, 



2u,=(^“^u,+Q^iUi+,..+A"-'Ui 


which may be expressed symbolically in the form 

1 

If Uf is a polynomial of degree li in r, we have shown that 
A*My is a constant and that A*^+^m^ = 0=:A^+®w^ = ... . The above 
relation is then a formula for the sum to n terms of the series. 
But in other cases it merely transforms one ‘ sum to n terms ’ 
into another. For example with the series 1, :c, a:*, it is 

easy to gee that 1 , A^u^-{x- 1 )S A®«i = (a!- 1 )S ... and 

hence 

l + a; + x* + ... +a;"-i = n + ^2) ■“ 1)® + ... + (a;- 

In the above illustration, the values of Au^, A^Mj, 
are obtained quickly by successive calculations. It is however 
sometimes convenient to have a formula for A™Wj in terms of 

Since Aw^ = m, - and Aw^ = M 3 - Mj, 

A“Mi = Am, - Awj = (m, - «,) - (ztg -* Ml), 

A*Mj = «, - 2m, + M,. 

Similarly A*Mi = (m^ - 2M3 + tt^) - {w, - 2m, -I- Mj) 

= M4-3mj + 3Mi-Mi 
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and it is easy to see by induction that 

where the coeflBcients are binomial coefficients. 

A formal proof may also be obtained by applying Newton’s 
Difference Formula to the series 

- Awj, -A“Mi, ... 

which has for successive difference series 

-M,, Amj, ' A*i/j, ... 

« 3 , -Aw,, A®Wa, -A^Wg, ... 


80 that the formula gives 

( - i)"'A'»mi=mi - (“) «, + (”) 

+ (™) irw,. 

Since a series may be fonned by starting at any term of a 
given series, is given by 

A'"li, = M„^, - (™) + (™) ... + (- ir«y 

and in particular 

A® Wy w^^., - 2w,.^.i + Uf. 

= - 3m,+, + - u, 

and so on. Use is made of these results in the solution of certain 
difference equations ; see Examples 4, 6 on pp. 230, 231. 

Example 14, Given that the term of the series 
3, 4. 7, 14, 27, 48, 79, ... 
is a polynomial in r, find its possible values. 

The series and its successive difference series are 

a 4 T U 21 4& 19... 

1 3 1 13 21 31 

2 4 6 8 10 

2 2 2 2 
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Hence a possible value of Ujt is obtained by assuming that = 2 

for all values of r. We then have 


w, = (l + Ar"^«, 

= 3 + (r - I ) I + 2 + 2 


1.2 


1.2.3 


= i(f’-3r* + 6r + U). 


Hence by hypothesis the value which u, can take when the 
assumption about A*m^ is not made> diSers from - Sr’’ + 5r + 6) 
by a poljmomial in r whiOh is zero for the values r~ 1, 2, ... , 6, 7. 

Therefore all possible values of Uj. are of the form 
i(r® - 3rH 6r + 6) + (r - l)(r - 2)(r - 3)(r - 4)(r - 5)(r - 6)(r - 7)P(f) 
where P{r) denotes a polynomial in r. 


Examph 15. Evaluate 1* + 2® + 3® + . . . + n®. 

The series is 1 8 27 64 125... 

and the diSerence series are 7 19 37 61 

12 18 24 

6 6 

Hence Awi = 7, A*Wi = 12, A®Mi = 6, 

and it is known that A*Mi = 0 = A®Wj = .., 



= n + -ln{n~ 1) + 2n(n- l)(n- 2) + In(n“ l)(n- 2){n- 3) 
which reduces to In®(n+ 1)*. 

Note. Other methods for sum min g this series are given on 
pp. 39, 40, 42. 

The reader should now worlc £Ja:erctse Xd, Noa. 6-8, 

For the q,p. a, ox, ax^, ox®, ... of common ratio x, the first 
difference series is 

» a(x-l), ax(x-l), ax“(x-l), ... 

which is a o.P. with the same common ratio. 

Hence all the difference series are geometric progressions with 
common ratio x. 
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Also A*Wi = a(x'- 1)S A"«j = a.(.^~ 1)*, ... 

and (see p. 218), A^Ui = a{x-l)% A”'w,-a(^- 
It is not however true that when the difference series is a 
G.P., the original series must also be a G.P., and in fact it follows 
fi-om p. 216 that if 

Ur = ox'^~^ + a^ + a^r + a^r^+ ...+aj^r*, 

then the (^+ l)th difference series and all later difference series 
are g.p.’s. It therefore follows that if the (fc+l)*^^ difference 
series is 

h, bXf bx‘, bx^, 

a possible form of w, is 

bx^-'^l{x - l)*+i + Go + o^r + ajf* + .. . + aj.r*, 
and it is easy to prove that this is the moat general form. 

Example 16, Find by the method of differences the term 
of a series whose first seven terms are 1, 2, 3, 6, 17, 54, 171, and 
find the sum to n terms. 

The series and the successive difference series are 

1 2 3 6 17 54 171 ... 

11 3 II 37 117 

0 2 8 26 80 

2 6 18 54 

Thus the determinate terms of the third difference series are 
terms of a G.P., and if we assume that A®w^ = 2 . S'""* for all values 


of Tf it can be proved as stated above that 
= 2. 3*‘"V2* + Oj + ttir + a^r* 

= i3’'"^ + a + 6(f- l) + c(r- l)(r-2) (i) 

By putting r^\, 2, 3 in succession, we obtain 
0 = J, fc = i, c== - I, 

hence v,, = j(3'‘“^ - 2r* + 8r- 3) (ii) 
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The sum to n terms can bo found fipom (ii), but rather more 
easily from (i) which gives (see p. 40) 

i(l + 3 + 3*+ ... + 3'*~^) + an + i6(n- l)n + ic{n- 2)(n- l)n, 
=1(3" - 1) - A«(2ri» - 9n - 2). 

Alternatively there exists as in Example 13, p. 215, apolynomial 
of degree six in r which takes the seven assigned values for 
r= 1, 2, 3, , 7 and this can be obtained from Newton’s formula 

by writing down three more of the difference series. 


EXERCISS Xd 
A 

1. Calculate the first throe difference series of the series 

3, 13, 37, 81, 161, 253, 393. 

2. Find by the method of differences the rth term of the series 
3, 7, 13, ... assuming it to be a quadratic in r. 

3. Find by the method of differences the rtt term of the series 
1, 7, 25, 61, ... assuming it to be a cubic in r, 

In Nos. 4, 5, find the term assuming it to be a polynomial 
in r of as low a degree as possible : 

4. 4, 10, 18,... 5. -4,0,6,... 

« 

6. Evaluate + + by the method of differences. 

1 

Find the terms of the series in Nos. 7, 8, assuming them to 
be polynomials in r of as low a degree as possible. Find also 
the sums to n terms. 

7. 1,3,7,13,21,... 8. -1,4,21,66,115,.,. 

Find the rth •terms of the series in Nc«. 9, 10, assuming that 
at the earliest possible stage the difference series are geometric 
progressions'. Find also the sums to n terms. 

9. 3, 4, 6, 10, 18, ... 


10. 1, 11, 111, nil, ... 
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B 

11. Calculate the first four difference series of the series 

7, 14, 31, 74, 191, 626, 1511. 

12. Find the term of the series 0, 6, 22, 67, ... assuming it 
to be a cubic in r. 

13. Find the term of the series 1, 2, 3, 4, 6, ... assuming it 
to be a polynomial of degree 4 in r. 

In Nos. 14, 15, find the rtt terms assuming them to be poly* 
nomials in r of as low a degree as possible. 

14. 3, 8, 17, ... 15. 0/4, 18, 48, ... 

n 

16. Evaluate - 3r“) by the method of differences, 

1 

Find the terms of the series in Nos. 17, 18, assuming them 
to be polynomials in r of as low a degree as possible. Find also 
the sums to n terms. 

17. 3, 16, 35, 63, ... 18. 1, 12, 45, 112, 225, 396, ... 

Find the terms of the series in Nos. 19, 20, assuming that at 
the earliest possible stage the difference series are geometric 
progressions. Find also the sums to n terms. 

19. 1, 4, 10, ... 20. 4, 9, 17, 31, 57, ... 

C 

21. If w,.= l/r, find 22. If l/{r(r + 1)}, find A«Mi. 

In Nos. 23, 24, find the terms assuming them to be poly- 
nomials in r of as low a degree as possible. 

23. 0, 0, 12, 42, ... 24. 3, 4, 6, 10, ... 

n 

25. Evaluate 1)*{^ “ 2)“ by the method of differences* 

1 

Find the terms of the series in Nos. 26, 27, assuming them 
to be polynomials in r of as low a degree as possible. Find also 
the sura to n terms. 

26. 12, 60, 126, 252, 440, ... 27. 1, 2, 4, 8, 15, 26, 42, ... 

Find the fth terms of the series in Nos. 28, 29, assuming that 
at the earliest possible stage the difference series are geometric 
progressions. Find also the sums to n terms. 

28. 3, 10, 27, 70, 187, ... 29. 7, 18, 46, 104, 212, 404, 742, ... 
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30. If Wy=(- prove that A"Wi = ( - l)”(2"+i - l)/(n + 1). 

31. Prove that | l/r= Q - 1 Q) + 1 - 1)- 1 (;;) . 

32. If a^ = r/(r-ic), prove that xl{x~n) is the sum to n+1 
terms of 

1 - CTi + a,a, Q) - a,a,a , Q + ... 


MISCELLANEOUS EXAMPLES 
• EXERCISE Xe 
A 

1, Find the coefficient of in {4a + 3& + 2c + d)*. 

2. If n is a positive integer, prove that 


(3n + 1) (1 - = 3n (1 - x^)^-Hx, 


and deduce that 
i 




3«(n!) 


4.7...{3n+l) 

3. If (^/2 + l)®™+^ = iV + F where m, N are positive integers 
and 0< F< 1, prove that N - IjF - F. 

4. Prove that | g, Q' 4 - i)(„ - r2) G)" 

5. Sum to n terms j 1.4.7 + 4.7.10+7.10.13 + .... 

6. Sum to n terms ; 7^“^ *“ • 

7. Sura to n terms the series - 1 + 6 + 37 + 140 + ... given that 
the second difference series is a g.p. 

8. Prove that 2 ( ) is equal to the coefficient of in the 

0 '^r/ 

expansion of { ( 1 + x) ( 1 + j/) (a; + 


9. Prove by evaluating that 


/n\2p+l /n y2p+I)(2p 

\l/2jp + 2^V2/ {2p + 2)(2p 


+ 3) 


{2p + 2)(2p + 4) 
I.3.6...(2n-1) 


to n + 1 terms 
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'in 

10. If ( 1 + X + x*)” ^ 2 «r prove that 
0 


B 

11 . Find the coefficient of in (1 - 2x + x®)*. 

12 . Find the sum to n + 1 terms of 


I I 

2“3 





13 . If (lH-j5x + x^)” = Xa,x^ prove that 

0 

(i) 1 + 3ai + 6ctj + ... + {4w+ l)a2„ = {2n + 1)(2 |-p}^ 

(ii) 2 + 3aj + 5o, + , . . + ( 2 *” + l)Oj„ = (2 + p)” + (5 + 2p)". 

14. Find the sum to n terms and the sum to infinity of the 

r+2 / 1 \*‘ 

series whose term is I - 1 • 

r(r-t-l) \2J 

15 . Prove that the sum to n terms of the series 

11! 2! . 
x+l'^(x+l)(x+2)'^(x+l)(x+2)(x + 3)'’'*" 

^ I nl 

X x(x+ 1) ... (x + n)* 

16. Sum to n terms ; 1 .5® + 5,9® + 9, 13® + ... 


17. Sumtontoma: ri^ + ^+~+-. 

18. Sum to n terms the aeries 8, 4, 2, 2, 4, , assuming that 

the rtli term is a polynomial in r of as low a degree aa possible. 

19. If (5 + 2>JQ)'^ = N + F, where m, N are positive integers and 
0< F< 1, prove that A^= l/( 1 - F) - 

20. The rtli polygonal number of order n is dehned to be 

r + \r{r - l)(n - 2), 2. Prove that the sum of the first r of all 

sets of polygonal numbers of orders 2 to A; inclusive is 

xV{r-f l)(^:-l}{JiT-2f-ifc + 8). 
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C 

^ a ct(a-l) a(a-l){a-2)^ 

21. Sum to n terms : + OTS 

n n - 1 n - 2 

22. Sum to n terms ; + 


23. If = sin (a + r|S), prove that 

A”Wr-{2 sin IjS)" sin {a 4- |n(7r + ^) +r^). 

24. If n = m^ + r where n, m, g, r are positive integers and 
r<in, prove that the |;reatest coefficient in the expansion ot 
^a;i + ig+... + aJm)" equals n!/{(g!r(g+ IH 

25. If (1 + J)(l + |*^)(1 + *^) - (1 + *’>”‘2) = 1 + pro™ “ 

(i) a, = a,_,x’-Hl-x’'-'+^)l{l-x') 

... (1 -a;"-''+i) 


(u) a,=xi'('' f. 


n -rcUl . 


26. Prove that the sum to r terms of the series 

n n{n- 1) n(n-l)(n-2) ^ 

^"mTl^(wi+l}(w + 2) (m+l)(?n + 2){m + 3) 
equals {m/(m + w)} x 

27. Prove that the sum of the reciprocals of the coefficients of 
for r = 0 to 2nin the expansion of (1 -x)*" where w is a positive 

integer, is (2n + !)/(«'+ !)• 

28. If 1, find the sum to n terms of 

l + d (l + d)(l + 2d) _ (l + d)(l + 2iZ)(l4- 3d) ^ 

‘ (a + 2d)(a + 3d) (a + 2d)(a + 3ci) (a + 4d) 


29, If ^^ = 1 + 2 + 3 + ...+^ prove that 

s,5„ + a,s«_i + 53S„_, + ... + 5„5i = rso^(n + l)(n + 2){n + 3){n + 4). 

30. Provo that the sum to w + 1 terms of the series 

, fn\a /n\afa-l)_Ma(a-l) (a-j) , 


f b{b- 

{(6 - a)(& -o- 1) ... (&- 


lbib-l){b-2) 



CHAPTER XI 

DIFFERENCE EQUATIONS 

Recurring Series, A method of summing tho series 
a+ (a + d)a;+ (a + 2 d) 2 :H ... + + ... 

is given on p. 44, and an alternative method of completing the 
work is indicated in Exercise IHd, No. 9, p. 46. 

Consider for example the power series whose successive 
coelTicients 2, 5, 8, ... , 3r- 1, ... are in a.p. 

If 5 = 2 + 5a7+ 8a:*+ ... + {3n - 
then -2xS= -4a! - lOa:* - ... - 2{3?^- 4)r«-i - 2(3 l)x«, 

and x^S= 2a;» + ...+ (3n-7)a;«-^+ (3w-4)a;« 

+ (3/i- l)a!"+h 

But in the sum of these results the coefficient of for 
r = 3, 4, ... , n is evidently {3r- 1) - 2(3r- 4) + (3r - 7), that is 0, 

/, the sum (5) to n terms is given by 

( 1 - 2a; + a!*) 5 = 2 + 3! - (3/1 4- 2)ai« + (3n - l)a!"+>. 

This method owes its success to the fact that, if denotes the 
coefficient of x^, 

iOf- = (r=2, 3, , n- 1) 

and it can be used in oil cases in which the coefficients are con- 
nected by such relations. 

Example 1. Sura to n terms : 

3 + 4a; + 6x2 + ... + (2 + 2*')a!»‘ + , 

If 5 = 3 + 4x + 6x* + 10x>+... + (2 + 2”-0a;'''->, 
then axS- 3ax + 4ax* + 6ax* + ... + (2-!- 2^“*) ox” (2 + 2”“') ax", 
and 6x*5 = 36x* + 46x» -f- ... + (2 -f- 2"-*)6x"-* + (2 -i- 2"--*)6x« 

+ (2 + 2”-i)6x”+\ 


226 
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Values can be chosen for a and 0 so that on addition the 
coefficients of x® and x* are zero. This requires that 
6 + 4a + 3& = 0 and 10 + 6a + 46 = 0 
and these equations give a = - 3, 6 = 2. 

But for these values of a, b, the cocfficiorLt of for 

r = 4,5,...,n-l is (2 + 2’') - 3(2 + 2^-') + 2{2 + 2’'"5>) 
which equals 2^“^(2 -3+1), that is 0. 
the sum 5 to n terms is given by 

S(l-3x + 2x*) = 3 - 6x ^ (6 + 3 . 2”-i - 4 - 2«-^)x" + (4 + 2«)x"+h 
/. /S = {3 - 5x - (2 + 2")x" + (4 + 2n}x«+'}/(l - 3x + 2x2). 

In order that the method of Example 1 may be employed 
successfully for the general series 

S =Po + PiX + j3,x 2 + ... + p^^jX"-S 
it is necessary that after a and 6 have been chosen so that the 
coefficients of x® and x® in <S(1 + ax + 6x2) ^ero, the coefficients 
of x^ for r = 4 , 6, . . . , n - 1 should also be zero, that is 

+ 6pf_j = 0, (r=:2, 3, 4, , n - 1), 

This equation in which a, 6 are constants Is called a linear 
difference equation with con5^an^ coefficients, of order 2. 

A similar method can be used if the coefficients are connected 
by the relation 

Pr + QiPf-i + «2Pr-i + »3J5r~8 = ^ 

where Uj, a^t a, are constants (see Exercise XIa, Nos. 31, 32), and 
this is called a linear difference equation with constant coefficients, 
of order 3. 

The series 

Po> Pv Pv Pv - 

whose terms satisfy the linear difference equation with constant 
Coefficients, of order jfc, 

Pr + “iPr-i + %Pt-i + • ■ ■ + %Pr-lfc = 
is called a recurring series, and the difference equation is called 
the scale of relation of the series. 
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W© shall return to the subject of recurring series after con- 
sidering the solution of some difference equations. 

The reader should now work Exercise Xla, Nos. 1-3. 

Linear D iff erence Equations, Web egin by considering equations 
of the second order with constant coefficients, i.e. equations of the 
form 

Uj. + au^_^ + = 0, r> 3. 

Since ~ um, - bu^ and u^= - om, - frUj, 

u^ = a(au^ + huj) - bu^ = abu^ + (a® - b)uy 

Therefore u^, can each bo expressed in the form f fxu^ 
where A, fi are independent of and It follows by induction 
that Uj. can also be expressed in this form, so that 

Uj.-=X^u^ + 

where A^, Mr functions of r but are independent of m,. 

Arbitrary values can be assigned to and therefore the 

general solution of the equation 

+ a«Y-i + ® 

contains two arbitrary constants which occur in a linear form. 

It is characteristic of all linear equations and is evident by 
direct substitution that if u^=f(r) and u^ = g{r) are two solu- 
tions, and if A, B are any two numbers independent of r, then 
Uj. = Af{r) + Bg{r) is also a solution; this contains two arbitrary 
constants if f{r) and g{r) are not proportional, i.e. if their ratio 
is not independent of r, and is the general solution. If however 
/(r) and g(r) are proportional, Af{r) + Bg{r) can be expressed in 
the form (AA, -i-BBj)^(r), sC/i(r), where Aj, G are indepen- 
dent of r, and therefore involves only one arbitrary constant. 

It can be shown similarly tliat a third order difference equation 
with constant coefficients 

Uf. + + bu^_^ -f cUj._^ ~ 0, r> 4, 

has a general solution of the form 

u, = Af{r) + Bg{r) + Gh[r) 
where A, B, C are arbitraiy constants. 
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Also tliG general order diflerence equation with constant 
coefficienta haa a general solution 

Wf — Cj + Oj Otj + , . . + (Jj^ OCj^ 

^^here «p cc^, , etj^ are independent particular solutions and 
Cl, Cj, , Cj. are arbitrary constants. 

Note, a,, a^, ... , oc^are called independent if it is impossible to 
find constants A^, A,, ... , Af^, not all zero, such that 

We now proceed to indicate by examples the methods of finding 
particular independent solutions and hence the general solution. 
The methods apply to equations of any order. 

Tire reader who is familiar with the solution of linear differential 
equations of the second order with constant coejB&cients will 
recognise the analogies between differenco equations and differ- 
ential equations (see Durell and Robson : Elem. Calculus, Vol, II, 
pp. 410-413). 

Example 2. Solve the difference equation 

+ Gw^_j = 0, 7'>3. 

If w^= a:*", then and = a;’’ ®. Hence the equation 

is satisfied if 

that is if a;* - 5a: -}• 6 = 0, which gives a: = 2 or 3. 

Thus Uf = 2^y = are two particular solutions. As they are 

independent, the general solution is 

u^^A2^ + By 

where A, S are arbitrary constants. 

N ote. The solution of Example 2 might equally well be taken 
in the form Uf~G 2'’“^ -l- D where 0, D are arbitrary constants. 
Sometimes 'the use of this form effects a considerable saving in 
numerical work. 
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Example 3. Find if Wj = 8, - 200, and 

Uf = r> 3. 

As in Example 2 the equation is satisfied by 

Uj.—x'^ if a;H 2a;- 63 = 0, i.e. if x = 1 or - 9* 

Hence u^ = C + D ( - 9f 

Put r = I ; then (7 + D = iq = 8. 

Put r = 2 ; then 7G - 9D = = 200. 

Thus (7 = 17, D=~9, m^ = 17.7"-^ ( - 9^. 

(If Wy = A7’' + B( - 9)^ had been used, the equations for A, B 
would have been 7A - 9R = 8 and 49A + 81R = 200.) 

Example 4. Solve the difference equation 

+ 1 6 m ,._3 = 0, r> 3. 

If Uf = n?**, we have as in Examples 2, 3, 

a;==-8a; + 16 = 0, (a;-4)® = 0, a:-4. 

ITierefore is a solution, but as it contains only one 

arbitrary constant it is not the general solution. 

Put M, = 4‘^v, i then - 8 . -f- 16 . 4^“* = 0. 

/. by p. 218, A*y,._j = 0 and so A*v,. = 0. 

.*. by p. 216, Vf = B + Cr where B, C are arbitrary constants. 

Hence u^ — (B + Cr)4^ 

and this is the general solution because it contains two arbitrary 
constants. 

The reader should now work Exercise XIa, Nos. 4-10, 

Example 5. Solve the difference equation 

Uj.^^ - = 0, r> 1. 

Put Uf — x^, then the equation is satisfied if a;® - 4x* + a; P 6 = 0, 
that is if {a; + l)(a;- 2)(x- 3} = 0. 

Hence the general solution containing three arbitrary constants 
is u,^{-iyA + 2'B-i-y(J, 
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j!!xaniple 6, Solve the cUfference equation 

«f+8 - + 12«,+, ~ 0, f> 1. 

Put Uf = x^, then the equation is satisfied if + 1 2a; - S 0, 

'hat is if (a; - 2)^ = 0, x — 2, 

Hence = 2’" is a solution. To obtain the general solution put 
Uf = 2 ^ 1 ?^, then ~ = 0, 

«^r+3-3t?r+i+3v,+i~W,= 0. 

by p. 218, A®u^ = 0. 

by p. 216, u^=A+*jBr + Cr* vdiere A, B, Q are arbitrary 
constants. 

Hence the general solution is = 2^(A + Br + Cr“). 

Example 7, Solve the difference equation 

2Wf+i “ + 24?/,. - 0, r> 1, 

Put Uj, = Then the eqtiation is satisfied if 
2x* - 16x> + 42x2 ~ 52x + 24-0, 
thatisif {x-2E(2x-3)-:0. 

Hence = 2^ and «,. = (f)*' are solutions. The work of Example 6 
suggests that = 2’’(A + Br + Cr*) is also a solution. This can be 
proved as follows. 

The factorisation (2x - 3)(x®- 12x- 8) suggests writing the 

dift'erenoe equation in tlie form 

2(«,+4 - 6m^^ 5 + 12t{y^, ^ - 3(t/,.^3 - + 12u,+i - Sw^) = 0, 

which shows that any value of which satisfies 
Wr+> “ H+j + 1 2?+^^ - 8 m^ = 0 
sud which therefore satisfies 

*^r4-* “ ^^r+» I2^f+2 ~ ^^r+t ~ ® 

also satisfies the given difference equation. 

Hence from Example 6, «^ = 2’'(A + Br + Cr*) is a solution. 

Thus the general solution, containing four arbitrary constants^ 
+ Br + Cr*) + (|)"D. 


D.R,A,4. II. 
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The case in which the corresponding equation for x has complex 
roots is illustrated in Example 8. 

Example 8. Solve the difference equation 

«r ~ - 0, r>2. 

Put Then the equation is satisfied if a;* - 8a; + 26 = 0| 

which gives a; = 4 + or 4 - 3i. 

Hence = A{4 + St)*" + j 5(4 - 3ey. 

Choose pt « so that p cos a = 4, psiii« = 3, p>0; then 0=5. 
and a is given by cos a : sin a : 1 = 4 : 3 : 5, and 
Uf=Ap^ cis ra + Bp’’ cis ( - ra) 
where cis B denotes cos 0 sin d. 

Hence Uf—5^{{A + B) cos ra + i{A - B) sin ra) 
which may be expressed in the form 

= 5^(0 cos ra + D sin ra) 

where G, D are arbitrary constants. 

The reader should now work Exercise Xla^ Nos, 11-14. 

We shall not discuss the solution of linear difference equations 
with variable coefficients, but Example 9 illustrates a method 
which can sometimes be used successfully. See Exercise XIa, 
Nos. 15, 16, 38-40. 

Example 9. Eind if Wj = 0, «, = I and 

The equation may be written 

“r+i “ (»■ + l)w, = - K - 
Similarly - ru^^^ = - - (r - 

and so on. 

Hence ~ {r+l)Uj.^{~ l)®(w,._j ~{r~ = 
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Dividing by (r -i- 1)\, we have 

(r+l)! r! (r+l)! 

and putting 1, 2, 3, , n.- 1 in succession for r and adding, we 

obtain 


n\ 


w„=(n!) 



The series within the bracket cannot be summed, but for large 
values of r its value is approximately 1/e. 


EXERCISE XIa 
A 

1. Find the numerical values of a, h such that the expansion of 

(l + ax + 6a;^){3 + 5a;-t- 7a;“ + ... + (2n + 

involves no terms in x®, x® x”“*. Hence find the siun of the 

series in the second bracket. 

Use the method of No. 1 to Imd the sum to n terms of the 
series in Nos. 2, 3. 

2. 1 -4x + 7x®- lOx® + ... + (- l)’'{3r+ IK + ... 

3. i_3x + 7x®- 15x® + ... + (- 1K+... 

Solve the diSerence equations in Nos. 4, 5. 

4. Mr+j + Wr+i”J2Mr = 0. »‘>1- 

5. 10M;._i + 25w^_, = 0, r>3. 

Find difference equations with numerical coefficients, whose 
general solutions are as follows : 

6. A + Br + Gr\ 7. + TB, 

Find Uf in Nos. 8-10. 

8. UK 4w^.- 3 = 0, r>3 ; Wi = 21, Wj- 1. 

9. Uj. - + 9w,._j = 0, r> 2 ; w,, = 5, = 9. 

10, = r>l ; M, = 2a. 
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11. Solve the difference equation + 2My_g=:0, 

r>4. 

Find Uf in Nos. 12-14, 

12. -I- 1 = Of f > 1 ; = 2, Mj = G, M3 = 20. 

13. - 12«,._, + IGm^^s = 0, r>3 ; Wp = 4, = - 8, ?q = - 12. 

14. Mr“^“r-i + 26w^.-j = 0, r>3; m^ = 1, m, = 0 
Find expressions for ii^ in Nos. 15, 16, 

15. = 1, r>2 ; Mi = 0 

16. - (r + 1 )m^_i - ™r_,, r> 3 ; =1 1, Mj = 3, 

B 

17. Find the miraerical values of a, 6 such that the coefficients 
of X* and ic® in the expansion of ( I + <kc -I- bx^} ( 1 + 4a: + 7a;* + 10a;*) 
are zero. Hence find the 5th terra of the recurring series of order 2 
whose first four terras are 1, 4, 7, 10. 

Sura to n terms the series in Nos. 18, 19, 

18. l + 2a;+5a;*-}-14a;*+... + i(3’'-M)a;' + ... 

19. 1 + 4a; -i- 14a;* + 46a;» + . .. -t (2 . S'" - 2’')a;'’ + ... 

Solve the difference equations in Nos. 20, 21, 

20. Uf - 6 m,._j + 8Wf_, = 0, r> 3 

21. Mr + 3Mr_j + 2M^_3 = 0, r>3 

Find difference equations with numerical coefficients, whose 
general solutions are as follows : 

22. u,^A + Sr. 23. m, = A + 4"H. 24. = 1)" + R(DL 

Find Uf, in Nos. 25, 26, 

25. u,.-{-2M,._i-i-M,_j = 0, r>3 ; Mj = 0. 

26. 2 m^ = 5w^^i, r>l ; Mj = 4, Mj = 5. 

27. Solve the difference equation - 7m^_| + 6 m^_, = 0, r>4. 
Find My in Nos. 28, 29, 

28. My - 13wy_, + 12My_, = 0, r> 4 ; =: - 7, Wj = - 8, Mg = 24, 

29. My ~ 2My_i-|-2My_, = 0, r>2 ,* 

3Q Find an expression for «y if rMy - = r, f > 2 ; m, = 1. 
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31. Find the numerical values of a, 6, c such that the coefficients 
of it*, in the expansion of 

(1 +aa; + ba?* + ca;*)(l +x+Sx^ + 7** + 13a;* + 21a?*) 

are zero. Hence find the term of the recurring series of 
order 3 whose first six terms are 1, 1, 3, 7, 13, 21. 

32. Use the method of No. 31 to sum to n terms the series 

l + 3a? + 7a?* + ... + (r* + r+ l)a;^4-... 

9 

33. Find the difference equation with numerical coefficients, 
whose general solution is Uf = {A+ Br)¥. 

34. Find if = («+ ^ ~ l/“» Wa = 

Solve the difference equations in Nos. 35, 36. 

35. + 27Wy_3 - 27«y_3 - 0, r> 4. 

36. w,.^3 - + 7m^+i - 3w,. = 0, r> 1. 

37. Find if - 4w^_j + 6w^_j - 4w^_3 H = 0, r> 4, given 

that — 

Find expressions for Uj. in Nos. 38-40. 

38. Uy=(r+ - (r- r>3 ; Mi = Uj=L 

39. Wr=rWf_i-l- {3r + 6)Mr_2» ^>3 ; u^~\, u^ = 6* 

40. r>3, if 

(i) Wi = 2, Wj - 3, (ii) = 0, Mj =: 3. 

Recurring Series continued. The methods for solving linear 
difference equations can be applied to the problem of determining 
the general term of a recurring series whose scale of relation (see 
P* 227) is given. 
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Example 10. If the scale of relation of the recurring series 
1, 2, 1, -22, 

is Uf + crWf ~ values of a, b, and w,. 

Wj + awj + 6Wi = 0, l + 2a + 6 = 0; 

M* + awg + 6wa = 0, - 22 + a + 26 = 0 ; 

o = - 8, 6 = 16 ; Uj. - = 0, 

Hence os in Example 2, p. 229, u^~x^ is a solution if 
a:*-8a;+15 = 0 

which gives a; = 3 or 5. 

where A-\-B = Uy^- \ and 3A + 5H = Mj = 2, 

There is an unlimited number of recurring series having the 
same first four terms as the series in Example 10, but their scales 
of relation are of higher orders. Thus the reader may verify that 
the series given by 

70w,. = 7{-l)^ + 40.2'’-3‘*^~i 

whose scale of relation (order 3) is + 7«,_, + 18«^_i = 0, 

also has 1, 2, 1, - 22 for its first four terms. 

It may also bo verified that the method of Example 12, p. 214, 
gives w^= -^(lOr®- 57/** + 98r- 54) which is the general terra of 
a recurring series of order 4, and that the second process of 
Example 13, p. 215, gives «y= -^(IH'^-OOr + O) which is also 
the general term of a recurring series of order 4. 

Power Series. The series 

Mg + Ml a; + a:* + . . . + + . . . 

whose coefficients form a recurring series is called a recurring 
power series, and the scale of relation of the coejficients is called 
the scale of relation of the power series. 

The method on p. 226 for finding the sura of n terms of a recur- 
ring series can be used to show that a recurring power series in x 
is, for all values of x for which it is convergent, the expansion of 
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a rational function of x in which the degree of the numerator is 
less than that of the denominator. For simplicity we consider a 
series of order 2, but the method is general. 

Let the scale of relation of the power series 

be Wr + OiWr-i + = ^^2, 

and denote the sum to n terms by iS^. 

a^xSf^~a^u^x■va{u^x '^■^ ... + + 

and 

+ . . . + + of.2W„^iX”+’ 

If these results are added, the coefficient of for r = 2, 3, . . . , n - 1 , 
is Ufi- a^u^_j^ + i.e. zero. 

(l+OiX + a^x^)S^ = Uf, -1- (Wi + 

+ (a^ 

Now for any value of x for which the given power series ia 
convergent, 

lim = 0 (seep. 64) 

n-t-QO 

hence also lim +aaW„_j)x” + ajM,j^iX”+^}=:0, 

n->« 

lim S + + 

**n->a5 ” l + a^X + OaX® 

for all values of x for whicli the given power series is convergent. 
Thus, for this range of values, tlie power series is the expansion 

of the rational function which is called the 

i + ajX + ttjX* 

generating function of tlio recurring power series. 

The expressipn of the generating function in partial fractions 
provides a method of expansion in powers of x, from which the 
general term of the recurring power series can be foimd. This ia 
therefore an alternative to the method use<l in Example 10, p. 236, 
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Example 11. Find the generating function and the term of 
the recurring power series of order 2 

3 + ix + Qx'^+ lOx® + ... 

By hypothesis the scale of relation is of the form 
Uj. + OM^_j + = 0, r> 2. 

Here 6 + 4a + 3& = 0and 10+ 6a + 46 = 0, 

o= - 3, 6 = 2, and the scale of relation is - 3 m^_i + = 0. 

Also if 5„ = 3 + 4rc+ Ga;*+ ... + + «„_ia;”"h 

{1 - 3,r + 2x^)S^ = 3 - 5a: + a;"( - + 2u„_2) + ; 

. 3 -5a: 2 1 

.. the generatmg funct.on= — 

/. if I a: j < I, the generating function is the sum to infinity of 
2(l + a: + a:* + ... + a:'’-'i + ...) + (l + 2a: + 2*a:* + ... + 2^-ia:»‘-i + ...), 

the rth tenn of the recurring power series is (2 + 2^"'^)a:’’“*. 

It is suggested that the reader should obtain this result by 
using the method of Example 10, p. 236. It will bo found that 
there is little to choose between the two methods on the score of 
length. 

Examples 10, U illustrate the fact that if only the first 4 terms 
of a recurring series are given, a scale of relation of order 2 can 
be found. If the first 2k - 1 terms or the first 2k terms are given, 
it is not in general possible to determine a scale of relation of 
lower order than ik, and if 2h terms are given a scale of relation 
of order h can in general be determined imiquely. 

If the scale of relation is of order Jfc, the denominator of the 
generating function is of the Ath degree. In particular if is a 
polynomial of degree i - 1 in r, it follows from p. 213 that A^'m^ = 0 
and therefore from p. 218 that the scale of relation is 

Wf+ifc- (j) W}-4Jk-i + " 1 )*'w^=f0, 

and hence the denominator of the generating function is (1 - a:)*. 
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Example 1 2. Find a scale of relation, the corresponding rth term, 
and the sum to n terms of the recurring power series 
2 + 5x+ 10x*+ 19a:®+ ... 

Since 5 terms are given, it is in general impossible to find a 
scale of relation of lower order than 3. Let the relation be 

Uj. + au^_i + buj._^ + cu^_5 = 0 

Then 19 + 10ci + 56 + 2c = 0 and 36 + 19a+ l06 + 5c-0, 

and these equations are insufficient to determine a, h, c. 

If we choose arbitrarify c — - 2, we get - 4, 6-5, and the 
corresponding scale of relation is 

Mr - + 5 w^_ 3 - 2?Zr_3 = 0, 

We then find 


(1 “ 4:r + 5:r® - 

= (1 - 4a: + 6x^ - 2.'v")(2 + 5x+ 10.r*+ 19.r®+ ... + 

== 2 - 3a; + a;"( - 

+ a;"+n5Mn_x - 2 m„„2) - 
2-3.^ 2 - 3.r 


the generating function - 


1 - 4a; I oa:^ - 2a;* (1 - a;]*(l - 2a;) 
1 


1 2 

- + 7 


(1 “ a;)® \-x 1 - 2a; 

Hence if ja: |< |, the generating fimction is the sum to infinity of 

(1 + 2a; + ... + ra;’'"® + •..)-{! +a; + ... + a;''~^ + ...) 

+ 2(l + 2a;+... + 2^-^a;''-^ + ...) 
and so the r**! term is (f - 1 + 2’’)a:''”h 
In the expression for {1 - 4a; + 5a:® - 2a;*)^„, the coefficient of a;” 
= - ^ := - (n + 2'^+®), 

and the coefficient of a;”+* 


= 6{;i - 1 + 2«) - 2 {m - 2 + 2'*-®) = 3w - 1 + 2^+*, 

/. 5„ = (2-3a; + RJ/(l-4x + 6x®-2.a;») 
where - (n + 2"+^) a:” + (3iv - 1 + 2”+®)a:^+‘ - 2(n - 1 + 2”)a;”+* 
Nate, We can choose for c any other value except zero, and 
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then obtain a different scale of relation corr&sponding to another 
power series starting with the 6 given terms. But we cannot ta.k 0 
<5=0, because the scale of relation would then become 

Uf + OMr_i + frWr-4 - 

and imlesa we disregard the first term, this involves the incom- 
patible equations 

10 + 5a + 2& = 0, 1 9 + 10a + 6& = 0, 36 -H 19a + 1 06 = 0. 

If however a sixth term of the series in Example 12 had been 
given, the scale of relation of order 3 would have been determined 
imiquely. 

Use of Complex Numbers. Many series are best stunmed by 
introducing complex numbers. The method is explained in the 
authors’ Advanced Trigonometry to which the reader is referred. 
Thus although the sum to n terms of the series 

1 + a? cos 0 + X* cos 26 + cos r9 + ... 

may be found by showing that it is a recurring power series 
whose scale of relation is - 2 cos = 0, it is simpler to 

use De Moivre’s theorem {Adv. Trig., p. 174). 


EXERCISE Xlb 
A 

The series in Nos. 1-3 are recurring series of order 2. Find the 
ftJj term and the sum to n terms. 

1.- 1,0,12,84,... 2.1,3,11,43,... 3.1,2,6,11,... 

The series in Nos. 4-6 are recurring power series of order 2. 
Find the generating function and the coefficient of 

4, l + 2x + 5x^ + Hx^ + ... 5. 2 + 5x + 8x*+ llx^-t- ... 

6. l-8ir-l-28x*-80x»-|-... 

7. Find the generating function of the recurring power series 
1 + 3x + 2x* - X* - 3x* -h . . . , choosing a scale of relation of as low 
an order as possible. 

8. Sum to n terms the recurring power series 

2-}- 8x+ 18x* + 37x^4- ... of order 2. 
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Find the generating functions of the recurring power series 
of order 2 in Nos. 9, 10, and find the coefficient of a;’' by using 
De Moivre’s theorem. 

9. l + 2a;v/2 + 3a;* + a;V2 + *.. 

10. sin B-\-x sin 2,9 + x'^ sin 30 + a?® sin 40 + ... 

B 

The series in Nos. 11-13 are recurring series of order 2. Find 
the rih term and the sum to n terms. 

11. 5, 12, 30, 78, ... 12. 4, 1, 7, -5, ... 13. 1, 6, 40, 288, ... 

The series in Nos, 14-'!^ 6 are recurring power series of order 2. 

Find the generating function and the coefficient of 

14. 2+6a;-t20a:>-f72a:='-h... 15. 5+ 19a} + 83a:> + 391a:*-}- ... 

16. 5- 2ai:+ 8a;*-t-4a;* + ... 

17. Find the generating function of the recurring power series 
1 4- 3a: H- 8a:® + 20a:® + 49a:* + 1 19a:® + . . . , choosing a scale of relation 
of as low an order as possible. 

18. Find the sum to n terms of the recurring power series 
2 -I- 8x + 34a:® -l- 162a:* -f . . . of order 2. 

19. Find the generating function of the recurring power serios 
1 -i- 2x + fx® -I- lx* -I- . . . of order 2 and find the coefficient of by 
using De Moivre’s theorem. 


C 

20. Find the generating function of the recurring power series 
1 -t 2x -f 3a:® -1- Sx® -t- 9x* -f- .. . , choosing a scale of relation of as low 
an order as possible. 

Find the generating functions of the recurring power series in 
Nos. 21, 22. 

21. 4 + 4x - 1 - 2a:® - 8x* - 46a:* - 176x® -H , order 3. 

22. 4- 9x-(-6a;® - 19a;® ~ 3a;*- 47x®-}' ... , order 3. 

Find the generating functions of the recurring power series of 
order 2 whose first four terms are given in Nos, 23, 24, and use 
De Moivre’s theorem to find the coefficient of x^, 

23. 8-12a;-8a;»-x®-h,.. 

24. cos0-}-x cos 30-4* X® cos 50 + a:® cos 70 + ... 

25. Obtain the expansion of 1/(1 + x + x*) in powers of x by 

solving the difference equation = 

Pi = “ 1. Verify the result by another method. 
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Continued Fractions. Sometunes it is desirable to evaluate a 
fraction sucli os 


ai + - 


o, + - 




from the top instead of by the usual arithmetical process from the 
bottom. For convenience the fraction fa written 


a^ + 


h h h h. 

a, + aj + 04 +...+a„* 


Up + — , aj + — — rnay be regarded as approximations 

to the value of the continued fraction. Tliey are called the 
Isfc^ 3rd, ... convergenis. 

It will be shown in Example 16 that convergents can some- 
times be calculated by solving a linear difference equation, but 
before explaining this method we shall show by an example how 
a rational number may be expressed in the form 

1 1 1 

Oj -f- — — — 

Oj + aj + ... +a„ 

wliore is a positive integer except that may be zero. 

A fraction of tiiis form is called a unit continued fraction. 


Example 13, Express ^ as a unit continued fraction and 
calculate the convergents. 


'-1 = 2 + -® l ' = 2 + ' 

13 13 6 6 


5 

3 


1 + ., 



1 

2 


n^i 1111 
3l“2 + 2 + l+ I +2’ 


hence 
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„ , 112 111113 

The convergent 2 21 = 5 2 + 2 + rur7 

1 1 1 11 1112 5 

2 + 2+l + l“2 + 2 + 2“2 + 5“l2' 

13 12 3 5 

In this example the approximations to ^ 2 * 5 ’ 7 ' 12 

and these are alternately too great and too small, because the de- 
nominators of the curtailed expressions ^ ^ ^ are alternately 

2 2 - 1-2 

less and greater than the^denominator of ^ i ^ • 

^ 2 + 2-1-1-I-1 + 2 


This method is applicable to any rational number and the 
expression of such a number in tlio form of a imit continued 
fraction is unique. 

Example 14. Express in the form ® ^ ^ “ where a, 6, c 

are positive integers. 

V6 = 2-l-(v/6-2) = 2 + l/p, where 

p=l/(V6-2> = (s/6 + 2)/2 = 2 + ^{V6-2} = 2+l/(2p), 

hence \^6 = 2-}-i ^ 

2-t-2p 


« 1 1 1 1. 

= 2 + - , where p ~ 

2-\-4+p 


l(s/6 + 2). 


By substituting the value 2 + l/(2p) for p in the result of this 
example, it is found that 

. « 1 1 1 1 
'^^“^■^2 + 4 + 2 + 2 p 


and substituting again 

« 1 1 1 1 ^ 

^ 2 + 4-1-2-l-i + p’ 

and so on. We shall show on p. 361 that ^/6 may be regarded ar 
the value of the infinite continued fraction 


94.1 i I 1 I 
2 + 4+2 + 4+2-I-4+’" 

It is evident that ,y6 cannot be expressed in the form of a 
terminated ’unit continued fraction since elementary arithmetic 
shows that such a fraction is rational. 
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Calculation of Successive Convergents. 

Lot F^ = a„ = + + i Gtc. 

a, Oj + Oj 


Then 




„ a,o. + 1 p, , 

“i V* 

/’j may be found from by replacing by o, + — » 


thus 




a,(a. + i) 
1 


+ 1 


a^Uj+l gr, 


if ; 7 , = aj{«iO,+ ll + a^, 23 = 030, + 1. 

Let qj. be calculated from the difference equations 
P.=arPt-i+Pr-. qi=aiqr-i+qr-. (f>2) 
and suppose that F^ — — for all values of r from 3 to k. Then 
may be found from F/. by substituting for o^» 

Hence F^^^ = ^ 3 ± ^ ! 3k+i}P ± -i ± P j^ 

_ i^kPk-l + Pk~i ) Pk-i _ ^k-i-iPk'^Pk-l 

^k+i Qk "<■ %~i 
P 

Therefore F- = — is true also for r = fc + I. But it is true for f s3, 
3r 

therefore for r = i, and so on. Hence it is true in general. 


rT , T. 1 . , 1 1 i 1 1 1 

FxamphU. Evaluate 
and calculate its convergents. 

P3 = I,2 i^ 1 ; Pj = 4,2, = 3j 

p, = 2p,+pj = 9j 9'3 = 22, + 23 = 7 j 

and p^ = 2p3+p,“22; 24 = 2^3 + 2,+ 17 ; 

and P,=A+P« = 31; ?i = ?t+^, = 24; 

similarly it is found that p, = 53, 24 = 41 ; p, - 137, 2? = 
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Therefore the value of the continued fraction is and i 

, , 4 9 22 31 53 

convergents ^re 1. ^ ^ , - . - . 

Example 16. 


Find the ftti convergent 


Pr = Pr.^i+Pr^i and ?r = ?r-i + ? 7 --i 

But the solution of the difference equation ^ 0 

is of the form Uf = Aoil~^ + B^~^ where a, j8 are the roots of 
a;* ~ a: - 1 = 0, i.e. |(1 ± ^/5)., 

;?r = c{i(l + V5)r-»+d{i{l- v/6)r-^ 

where c, d, gr, h aro constants whose values can be found fixjm 
Pi = hPi = ^, 9i = l, ?, = 1. 

Thus c + d-1, c(^ + V5) + d{l-^/5) = 4 

hence c^5 = {1(1 + ^/5)}^ d^6 = - {i(l - ^/5)}* 

+ _ ^5)}r+n 

Similarly g + h^l. ( 7(1 + ^5) + A(1 - -^/5)=:2 

hence ?v/5 = i(l + s/5), fts/6= -Rl - s/5) 

gW5 = {i{l + s/5)r-{i(l‘'s/5)}^ 

. J7,_ (I + s/ 5)^-^^-(1 -s/ 5)^+^ 


u 


•• q, 2{(1 + s/5)^-(1- ^5)^1 

— ia the convergent o, + i i - of a. + i 
Sr ag + a, + ... + a^ * a. 





^r=Pr9r~i~Pr-jlf 

= 9r-iKPr-i +Pr-i) + 

-9r-lPr-2 "Pr-i?r-l— " ^r-f 
Similarly «r-i= "“Wr-*’ 

«, = ( - 1 )’^~*«j = { - 1 q, - p, g.) 

(Thus in Example 15, p,g, -p,g, = 137.41 - 106.63= - 1.) 

This result shows that have no common factor and hence 
the Convergent p^/^r calculated from the difference equations is a 
fraction in its lowest terms. 
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The refjult will also he use*! hi Plxaruple 17 to find integral 
solutions of an equation linear in x, but a moro convenient 
method will be given in Chapter XIX, on p. 497. 

Example 17. Find integral solutions of 137^: - 106^ = 4. 

By using the method of Example 13, we find as in Example 15 
that 

^ 111111 

106“^'^3 + 2 + 2+l + l + 2 

and that the value of — for this fraction is ^ . 

9, u 41 

Hence 137.41 - 63. 106 = (- 1)»= - 1 

]37{-164)- 106(-212) = 4 
the given equation is satisfied by x= - 164, 1/= - 212. 

Evidently it is also satisfied by 

a;=- 164+ 106/ j/=-212+137« 

and therefore by a; = 48+1065 i/=62+ 137« {s~t~2) 

where s is any integer or zero. 

The equation ax+by=c. 

In discussing the integral non-zero solutions of this equation, 
it may be assumed tliat a, b, c are integers and that a, b have no 
common factor. For if A is h.c.f, of a, 6, the equation can have 
no integral solution unless h is a factor of c, and if h is a factor 
of c, each side may be divided by h. 

When a, b have no common factor, a solution x~x^, y — Vi 
may be found from the expression of a/6 as a unit continued 
fraction as in Example 17. Also the more general solution 
x = Xi+bt, y^y^~at can then be written down. There is no 
other solution ; for if 

ax^ + 6?/j = c = axj + hy^ , 
a{x^~x^)^h{y^~y^), 

and since a, b have no common factor, a is a factor of y^ - ?/, ; 
thus Vi-yt-at where t is integral, and then by substitution 
x^-x^=:bt; 

x^-=x^ + bt, yt^Vi-at. 
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Uj + ttj + . . . + 

whero Cj, a^, ... arc positive or negative integers except 

that o, may be zero, if the rtb convergent is calculated vnthout 
r&nioval of common factors and is denoted by 2\!^r* 
proved by the methods used on pp. 244, 246 that 

Pj. ~ aj.Py_^ + h^Pr-i ®r9r-i + K^r-i 

and that 

Pr^T~i ~ Pf-i^T ~ ~ •“ 

Tlie fraction pf-jq^. will not usually be in its lowest terms. 

Example 18. If ~ is the convergent + 

prove that (i) p^, = (d) ^Pir~i = 

^=a + \ ^ = 

?2r ® h PiT-i ^PzT-i 1ir~i 

^ {ab -j-pPar-g + ggar-i 
^Pzr-t 7jr-* 

But each fraction is in its lowest terms, see p. 245, Hence 
p,r=^{ab + l)p,r_,^aq^r-t 

Qir~^Ptr-t-^^ir-V 
Qir~^Qir~i + 9ir-V 
A ^ar-» = ?2r-i* Ptr-^tr+V 
P-Af ' = {(«* h DT^ir-i + ®?3r-*} ^ + ?ir-i) 

=i>2r~i- 

Pxr~^Pir~i FPsr-a* 


Also 

And 

But 


d.p.a.a. It, 
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1. Express yy QS ^ unit continued fraction. 

2. Verify that *75 = 2 + 7 7 7 - and find the value of af. 

^ 4 + 4 + 4 + a? 


3. A strip of paper is divided into 48 equal lengths by red 
lines and into 35 equal lengths by blue lines. Which pair of red 
and blue lines are closest together T 




4. If is the rth convergent of + — — prove that 

a, + o. + - 

rove that the convergent of 2 + - r - is 
{(1 + ^/2)''+l - (1 - ^2)’’+'} -H{(1 + s/2r - (1 - 


6. If p^lq^ is the r^i convergent prove 

that - (a6 + 2)p„+p„_, = 0 and that is the coefficient of 
x" in the expansion of (1 + ox - x*) +{1 - (oi + 2)x® + x*} 


7. Solve in integers : 1 lx - = 4. 


8 . Find the least positive integral solution of 19x- 117^=11. 

9. Find the number of solutions in positive integers of 
7x + 9;}/=: 1000. 

10. If pflq^, is the convergent ‘>fa + - “ - prove that 

Pn-i = ?n and + ?„_,. 00 a... 


Find the rOi convorgents of the continued fractions in Nos. 1 1, 12, 


11 . 


6 6 6 
1 + 1 + 1 + .., 


12 . 1 - 


1 I 

- 2 - 2 -... 


41 

13. Express ^ ^ ^ unit continued fraction. 


of X. 


14. Verify that .711 = 3 + - ^ ^ ^ 5 - and find the value 
■ 3+6+d+o+d+x 


15. If pJOr is the r** convergent of o, + -~ — 


(Pn+i -Pn 


prove that 



DIFFERENCE EQUATIONS 


XI] 

16. Prove that the convenrent of 1 + - - - - 

« ^2+l+2+l+. 

i{{i + ^/3r« - (1 - v3r+^} -*{{1 + v3r - (i - van 

17. Solve in integers : 13x + ITjy = 8. 
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18. Find the number of solutions in positive integers of 
Ux+152/ = 784. 


Find the rtb convei^nts of the continued fractions in Nos. 19, 20. 


19. 


2 2 2 
3-3-3-,.. 


20 . 


11111 


C 

21. Verify that + ^ 1 ~ M and find the value 

ofr. 2+l + 3+l + 2 + .r 

22. Express 8-1416 as a unit continued fraction and find the 
first threo convergents. 


23. Prove that the convergent of 2a + 

double that of a ^ J- 

2a+2a + 2a + ... 


111^ 
a + 4a + a + 4a + . . . 


is 


24. If is the rili convergent of a + 
prove that 


1 1 1 1 I 1 
&+ c + a+ 6+ c + a+ ... 


25. Solve 4X + 72/ + 192 = 69 in positive integers. 

26. Prove that tho number of positive integral or zero solutions 
of X + 2y =n where n is a positive integer is I{2«. + 3 + ( - 1)”}. 


27. Prove the results stated on p. 247 for the continued fraction 

»i + — - 

a, + o, + ,.. 


Find the rth convergents of the continued fractions in Nos. 28, 29. 

28 - - - - - 29 ^ ^ ^ 

1 + 2 + 2 + 2 + 2-I'... (a — U + fa—ll + fa — !) + ..» 

30. Prove that the Sntl^ convergent of 

1 1 1 1 1 1 I 


n 
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31. = - f “ andw=56 + - \ \ prove 

b + a + b + a+,., ^ a+b + a + b + ... 


that bx = ay. 




32. If p,lq, is the rth convergent of ^ ^ ^ 

Pn~x a„_i + ...+ai 


A 

n + 2 


(ii) J2. = a +JSL 


2 3 4 

33. Prove that + 

2-3-4-, ..-n + 2 1 


prove that 


BIISCELLAKEOtrS EXAMPLES 
EXERCISE Xld 
A 

1. Find if = I, Mj = 3 and - 9Uf._^ + 20w^_j - 0, r> 2. 

2. Find the r^h term and the sum to n terms of the recurring 
series - 1, - L 7, 71, ... of order 2. 

3. Find if u^ = b and Uj. - au^_^ = 6, r>2 

(i) if 0:^1, (ii)ifa~l, 

4. Find the generating function and the coefficient of for 
the recurring power series i + x + lx^~5x^ + ^ order 2. 

5. If = 3, u^ = 12 and if - (2r + 1) + (r* - 
f > 3, find Uj.. 

6. If ^Uf+i = «^ + oVWf, prove that 

{Uj. - a)l{Uj. + a) = {{«! - «)/(«! + a)}** where p =: 2^-K 

7. If «^ = ^(r) is any solution of tt^ + OiW,_i + ajW^_,=/{f) 
where a^, are independent of r, and if Uf.^g{r) and Wy = A(r) 
are any two independent solutions of + aiM,_j + Uj = 0, 
prove that the general solution of the first difference equation is 

+ + where B and C are arbitrary constants. 

Hence solve the difference equations (i) w^- + 6 m,._,=u, 
(u) Uf - 6m,_, + = ar. 

8. Prove that the ntii convergent of a; - - - - where 

x = 2 cos 0, is sin (n + 1)0 cosec nS. X’-x-x-^ 
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9. If Pfjqr and P^IQ^. aro the rhi convergents of aj + — — 

I 1 a^ + a^ + ... 

+ ;r 4. 4. = Rn-i («) + Q«-i 

O’a r 1I4 -r - . . 

10 . If n — + r where and r are positive integers, prove that 

the number of positive integral or zero solutions of 2 x + 3^ = n is 
N+l unless r=l when it is N. 


B 

11. Find the rdi term and the sum to n terms of the recurring 
series - 1, 1, 6 , 19, 64, 151, ... of order 3. 

Find the generating function and the coefficient of for the 
recurring power series in Nos. 12, 13. 

12. 1 + 4*+ 15a:* + 54.^®+ ... of order. 2 . 

13 . 1 - 4a;® - 18a;® - 64a;* - 210 a;® - 664a:* - , . . of order 3. 


14. Find if w, = 0, = 1, and Uj. + = 0 for r> 2. 

15. If Mr == r>3, prove that and 

that if Ml =^2 = 1 , Mr* “■ Mr.^iMr_j = ( - 1 )^ 


16. If pJqf^ is the convergent of +— — prove that 

03 + 0 - 3 + . • . 

Pn%-i-Pn-i9n^i " Oft-iOft-a + «« + 

17. If ^r/?r is the rth convergent of 1 + L 1 , t , s , L T , 

prove that Zq,^r.2p,, + p,,^,, 2 + 3+ 1 + 2+ J + I + ... 

18. If Pr/9r i® convergent of prove 

that (i) 6 p 3 „ = ctd 5 a„_i (h) p„-{a + c + bd)p^^^ + aep^,,^ = 0 . 


C 

19. Find Mr if Mr- (2r+ l)Mr_i + ^“''^r-i = ^ 

(i) Wo = l, Mj = 2 , (ii) Mq:= 1 , Mj = 3. 

20. Find the generating function of the recurring power series 

(a - 6 ) + 2(a* - 6 *)a; + 3{a® - 6 ®)a;* + 4(a* - 6 *)a;» + ... 

^ 21. If Mr-Mr_i“Wr_s + Mr„j = a, r>4, express the value of 
terms of Mj, Mj, m,, o. 

22. If = and if = u^=c\ prove 

that the generating function of the recurring power scries 

Wo + Mja; + ^ jg 

{3 - 2 aa; + |(a* ~ 6 »)a;*} -+{1 - oa; + \{a* - 6 *)x* - i{a® - 3a6* + 2 c®)a;®} 
and express in terms of Wr_i, Mr„,, Ur_,» «> &> c. 
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Find the general solutions of the difference equations in 
Nos. 23, 24. 

23. Uf~ahif_j~coabr 24. Wr~4w,._j-f-4M^_j = 2^ 

25. If p jq and PJQ, are'^the f** convergents of a. + i — 

1 1 

and a* + prove that 

Pn^Pu~rPr+Pn-r~lPr-l = Pn l<r<n~h 

26. Prove thatiJJ_^^ ^=(2r!)-(l+|H) 

27. If a rational number F is expressed as a unit continued 

fraction and if pflq,. is its convergent, prove that 

(i) l^-fr/?ri<I^-:Pr-l/7r-ll 

(U) l/(7r7r+i)>l^“/>f/?r i>l/{7f(7f + 7r+i)} 

28. With the notation of No. 27, jirove that 

, 5 F‘ according aa S' g ?r±s 

?r7f+i 7r 7r+i 

29. Prove that Wj - «, + u, - , . . + ( - 1)”“*% 

!+(«!- «,) + («»-«,) + ... («„_1 - « n ) 

Hence express the sum to n terms of + + ^ ® 

continued fraction. ® 

30. n equal u nif orm rodsA^Ai, A^A each of 

mass m, are freely jointed at Aj, ... , A„_i and rest in a straight 
line on a horizontal table. A horizontal impulse /p is applied at Ap 
peipendicular to A^Ay If the instantaneous impulse at the joint 
Aj. ia ly it can be proved that Ij. - 4/^_i +f ^_a = 0, 2 < r < n where 
/,=:0. Prove that /^^/pShfn-rja/shnix where ai = log(2 + V3)* 



CHAPTER XII 

FACTORS AND PARTIAL FRACTIONS 

Complex Algebra. There are certain phrases in common use 
which are so misleading to the student that they ought to be 
avoided. 

« 

The ordered pairs [p, q\ of real numbers which occur in complex 
algebra are usually written in the form p^-qi and they are called 
complex numbers. 

It has become customary to call p + a real number when 
g - 0 and a pure imaginary number when p = 0. This confuses a 
pair of numbers one of which is zero with a single number. Also 
complex numbers in general are sometimes called imaginary. 
This use of the words ‘ real ’ and ‘ imaginary ’ dates from a time 
when the theory of complex numbers was imperfectly understood. 
It is perhaps too much to hope that the old form of words will 
soon be discarded ; but it seems essential in dealing with certain 
fundamental parts of the subject to use words that are not open 
to misinterpretation. Accordingly we shall caU the number p + gi 
an x-axal number when g = 0, a y-axal number when p = 0, and 
a non-axal number when p 0 and g 0. In the last sentence 
the word ‘ number ’ was used as an abbreviation for ‘ complex 
number This is customary in complex algebra. 

The system of real numbers is one-dimensional, that of complex 
algebra is two-dimensional. The importance of x-axal numbers 
in complex algebra is'-due to the exact correspondence existing 
between x-axal numbers and real numbers, and between their 
properties. This correspondence makes possible the deduction 
from any theorem about x-axal numbers of a corresponding 
theorem in real algebra. Complex algebra is in fact often of use 
t® a person who is investigating properties of real numbers. For 
253 
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example the method used at the present day to investigate the 
distribution of prime numbers depends on the theory of functions 
of a complex variable. 

Factorisation. It is fundamental in the theory of factorisation 
that in complex algebra a polynomial of degree n can be written 
as the product of n linear factors. In real algebra this is not 
necessarily true, but a polynomial is the product of factors which 
may bo some linear and the others quadratic. 

The proof of these statements depends on D’Alembert’s or 
Gauss’ theorem : 

In complex algebra, the equation 

+ + „. + a„-0 (1) 

has at least one rooL 

An elementary proof which itself however depends on a fim da- 
mental theorem in analysis on bounds will be found in Burnside 
and Panton‘3 Theory of Equations, Vol. I, p. 269; but a simpler 
proof {id., p. 258) can be obtained by using Cauchy's theorem on 
contour integration {Hardy : Pure Mathematics, Appendix I ; 
Whittaker and Watson ; Modern Analysis, p. 120 ) ; the student 
is therefore advised to postpone reading any proof of this theorem 
until he is in a position to appreciate Cauchy’s method. 

Multiple Roots. The equation {z - ix)^g{z) ~ 0 where g(z) is a 
polynomial in z, g{a)^0, and r = 2 or 3 or 4 or , is said to have 
an r-fold root z^a, and it is also convenient to say that it has 
r roots 2 = a. 

In particular if 2, 2 = a is called a double root. 

Roots of the General Equation in Complex Algebra. 

By using D’Alembert’s theorem and the above convention 
about multiple roots it is easy to prove that 

in complex algebra the equation 

/(2) = 2" + a,2"“H...+a„ = 0 
exactly n roots, any rfohl root being reckoned r times. 
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By D’Alembert’s theorem, there is a root z~a^ 

«i” + aia/'-H... + a„ = 0. 

Hence the equation is equivalent to 

{z^ - a,") + - a + . . . + a^_i(3 - «j) = 0 

and therefore to {z - ai)f^{z) = 0 

where /i(x) is a polynomial of degree n - 1 in z. 

Similarly since f^{z) ~ 0 has a root z-a^ 

By continuing this proiess it follows that 

J{z) S (Z - a^)(z (Z - (Z) 

where /„_i(z) is linear and must he of the form z-- because the 
coefficient of z" in /(z) is unity. Hence 

/{z) = (z-a,)(z-a,}...(z-«J (2) 

or using the notation for prodvicts, 

/(z}^n(z-a,). 

r=-l 

Therefore the equation /( z )~0 has the n roots ot„ ... , 
which need not however be distinct. 

It also follows from (2) that/(z) is not zero for any value of z 
except «j, ag, ... , Therefore the number of roots is exactly n, 
subject to the convention about multiple roots. 

Thus the polynomial z” + aiZ”"^ + cannot be zero for 

more than n values of z, and the same is true for the polynomial 
tt^z” + ajZ”“^ + . . . + a„ where o^^O, since it can be written m the 
form 

a,(z« + b,z"-i + ... + 6J=a„(z-i3,)...(z-j3„). 

But if a„ = 0, it reduces to 0 | + . . . + o^, and similarly this cannot 

be zero for n values of z if Oj it 0, and so on, thus 
if a polyntmiial a^z^ + a^z^~'^ + ... + a^ is zero for more than 
n values of z, each coej^ien^ is zero ; 
also, if the polynomials 

toz” + 6iZ"“^ + ...+&^ and CoZ” + Cjz"'* + ... + c„ 
are equal for more than n values of z, then = o^for r - 0, 1, 2, ...» n. 
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If the roots of {1} are not all distinct, (2) takes the form 

f{z) = (3 - - “a)”* “ afcf 

where + w, + . . . + n, and this form is unique. For if also 

f(z}^n(z-^,rr (i) 

r=l 


then each ^ must be an « because otherwise from (3) 

and from (4) /(/3r) = ^l* Similarly each a must be a Thus (4) 

i t 

can be written f(z) = TI (s - and here must equal n^, for 
r=l 

otherwise by equating this form of f{z) to the form in (3) and 
simplifying we obtain an identity of the form 

Tl{z~y,fs^U(z-8,)^i 

where are positive integers and each y is difierent from each 
5, and this has just been proved to be impossible. 

Example 1. Solve the simultaneous equations 




= 0, 1 to n), 


for Zp z z„. 

These equations imply that 


K+A)(a, + A),..K + A)|^ + ^ + ...+^-l| 

is zero for A-Aj, Aj, And the expanded value of this 
expression is a polynomial of degree n in A in which the leading 
term is - A**. Hence it is identical with 


-(A-M(A-A,)...(A-A„). 
Putting A ~ - Ojfe in the identity, 


(o, - Oft) (Oj - Oa) . . . - Ofc) (af,+^ - ajk) . . . {0„ - a„)z,^ 

= (-l)«+i{a, + A,)(a, + A,)...(a* + A„). 

ITiis gives 2 ^^ for A = 1 , 2, . . . , n. 
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Conjugate Complex Roots, If a + jSi, where JS=?i^0, is a root of 
/(a) = 0 where f{z) is a polynomial with x-axal coefficients, then 
the wmjugote complex a - pi is also a root. 

The conditions for a + ^i, «- to be roots are of the forms 
P + Qi~0, P~Qi = 0, These are both the same as P=:Q = 0 by 
tiie elementaiy theoiy of complex munbers. 

Also if x + is m r‘foId root of/(3) = 0 so that 

where g{z) is a polynomial, it follows by the same principle 
that j{z) = (2 - a + ^iYh{z) 

where h{z) is another polynomial. 

Hence « - jSi is an s-fold root, where s>f ; similarly f>s, so assf. 

Since (2 - a - ^i){z - a + jSi) = (2 - a}* + j8*, any polynomial f{z) 
of degree n with x-axal coefficients can be expressed uniquely in 
the form 

where k + 2l=n and all constants are x-axal. The factors are not 
necessarily distinct and in special cases it will happen that all are 
linear or all quadratic. 

Roots of the General Equation in Real Algebra. 

If /(x) = Oo-x” + a^x”^' + . • . + = 0, where 0, is the general 

equation of degree n in real algebra, there is an identity 

fix) = o,(x - Pi) . . . (x - pfc) {{x - q^Y + - gi)“ + n*} • • • (6) 
where fc+2Z-n, corresponding to the identity (6). This is due 
to the exact correspondence between real numbers and x-axal 
complex numbers, If the identity (5) is verified by multiplication 
of the factors, precisely the same work (with x instead of z) will 
verify the identity (6). 

Since jk -t- 2i = n, there must be at least one factor of the form 
x-p if n is odd ; but the factors may all be quadratic if n is 
even, and no quadratic factor of the form (x ~ q)* + r* can be zero. 
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Hence we have the following theorem : 

in real algebra an equation 0 / even degree has either no roots or 
an even number of roots, and an equation of odd degree has an odd 
number of roots. 

It follows that an equation of odd degi'ee has at least one root. 

Binomial Equations. The equation z**-l may be solved by 
De Moivre’s theorem. Writing cis $ for cos 0 + i sin 9, 

2 ” -CIS 2kTT, 2 = CIS {2Jc7Tln), k^=0, I, 2, , n- 1. 

In particular the roots of arc 1, ois f tt, cis f tt- or 1, w, to* 
where &i = cis|}r, i.e. 1, - -J ± 2*\/3. These are the cube roots of 
unity, and o* + w + I = 0. 

Example 2. Factorise )' + - "ixyz. 


The expression ~ x y z 

= 1 a? + ^ + 2 

y 

z 

z X y 

z^x^y 

X 

y 

y z X 

1 y^-z-ix 

z 

X 


= (a; + y + 2 ) 1 y z (Zx){Xx* 

\ X y 

i Z X 

But the expression can be written in the form, 

a;® + [toyY + [toh)* - ^x{ojy){(o‘‘‘z), 

a* + cjy + is a factor, and similarly x + lohj + w 2 is a factor. 
But the coefficient of x* in the expression is unity, 

z'^ -\ry*-\-z* - 2xyz = {z + y + z){x + toy toH) [x + (o*y + toz), 

EXERCISE Xlla 
A 

1. State the number of roots of (i) in real algebra, 

(ii) 2 *= 1 in complex algebra. 

2. Prove that 1 + w* + w* = 0 

3. Prove that 

(a + bto + cto*}{a + but* f ecu) i b* j- c* be ~ ca ~ ab. 
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4. Express a:® + j/® as the product of three factors. 

5. Solve the equation - 32* - 62 - 2 - 0, given that - I + j is 
a root. 

6 . If a + = (x + yi)*^ where a, b, x, y are a;-axal, express a* + 6* 

in terms of y. 

7. If the coefficients of the equation 2* + p2* + ^® + r2 + 5 = 0 
are a;-axal and there is a t/-axal root, prove that r* +p*a=pf/r. 

8. If n is a positive integer not divisible by 3, prove that 

a;2n ^ 2 ^ ^ lj2n jg divisible by a;* + x + 1. 

9. Find the fifth roo"K of unity algebraically by using the 
method of p. 163, No. 19. If two of them are 1 and c, express the 
others in terms of e. 

10. Solve for x, z the equations 

x-vay -\r a*2 = a® x + + 6*2 — 5* x + cy + c®2 — c*. 

B 

11. Solve 2® -I- 1 = (2 + 1 ) (2* - 2 + 1 ) - 0 in complex algebra. 

12. Prove that (1 - c(;)(l - w*){l - fu*)(l - w®)-9. 

13. Express x*-|- y® - 2* + 3xy2 as the product of three factors. 

14. Solve the equation 2z^ - 2® - 32* - 52 - 2 = 0, given that « is 
a root. 

15. If 0 + 64= (c + dt)* where a, fc, c, d are x-axal, form in terms 
of c, d the equations whose roots are (i) a ±hi, (ii) b ±oi. 

16. Prove that the roots of z” = l are all distinct, 

C 

17. Prove that 

(a-l-w6 + w*c)® - {a + (o^h + o)cy = - - c){c - a){a - 6). 

18. Find the condition that one root of the equation 

2*+ 2(a + 6i)z + c + di = 0 
is x-axal if a, b, c, d are x-axal. 

19. For what positive integral values of n is 

. (y-2)"+(z-ai)” + {a:-y)” 

divisible hy x* + y^ + z^ -yz-zx-xy ? 

20. Solve for x, y, 2 the equations 

a? + ay + a*z = a* x + by + h'z = h* x t cy + c*z = c*. 
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21. If A + is a root of z* + 4bz + c~0 where 6 and c are ar-axal, 
prove that /** = A® + &/A and that 2A® is a root of z® ^ C 2 - 26* = 0. 

22. Ifz" + aiZ”-H...+a^s(z-a^)(z-ctj) ... (3-a„), prove that 
(l + a^*){l + Oj*) ... (1 + a„*} = (l -Oj + a, (a^- a, + Oj 

23. Jf {l+x + x^)^^a^ + aix + a^x^ + prove that 

Oo + ®» + ^&+ ". -^*1 + f*4 + + ..• = + ^^5 + ®8+ 

24. If ct^, cEj, . . . , are the roots of the equation 

/(z) =z« + o^z"'i + . . . + a„ = 0, 
prove that ^ 

” f(z) 

— =n 2 ”~‘ + (n - l)aiZ”^*+ (n - 2)a^z^~^ 

I Z CCf 

Highest Common Factor. If polynomials f{x), g{x) have a 
common factor h{z), this will also be a factor of Af{z)-\-Bg{x) 
where B are any two polynonrials or constants. If there is no 
common factor of higher degree than h(a:), then h(a;) is called the 
highest common factor (H.C.F.) of j{x), gfx). Numerical factors 
are regarded as irrelevant so that Ch{x) whore C is any constant 
other than zero is also called the H.C.F. 

The process used in aritJimefcic of finding an H.C.F. by repeated 
division may be applied to polynomials. 

Suppose that the degree n of/(x) is not less than that of g'(a:) 
and lot r{x) be the remainder when/(a:} is divided by g{x). Then 
the degree of r{x) is not greater than n - 1, and 

r{x) ^fix) + Agix) 

where A is a polynomial or constant. Thus any common factor 

/(*)» ff{x) is also a factor of r(a;), and any common factor of 
rix), g{x) is also a factor of f{x). Therefore the H.C.F. of f{x), gix) 
is the same as that of g(x), r{x). 

Similarly if f^{x) is the remainder when g{x) is divided by r(x), 
the H.C.F. of g(xl r{x) is the same as that of r(a:), rj(a!) and the 
degree of ri(a;) is not greater than n >- 2, and so on. In this way 
after n divisions at most, a remainder is found which is a 
constant, possibly zero. 
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If = 0, is a factor of and is the H,C.F. of /{a:), g{x). 

If J{x) and g{x) have no common factor since such a 
factor must also be a factor of r^. 

Polynomials which have no common factor are called co-prime. 
Example 3. Find the H.C.F. of + 5 j:^+ 11a;- 4 and 

2a;*-5a;8+3ic*+I0aj-8. 

It is convenient to begin by dividing 2(x* - 3a;* + 5a;* + 1 lx - 4) 
by 2x* - 5x* + 3x* + lOx - 8 and to use detached coefficients. 


x7) 2- 5+ 3+ 10-* 8 

14-36 + 21+ 70- 56 
14-30 + 20+ 48 

2+ 0- 6+10 + 22- 8 
2- 6+ 3 + 10- 8 

1 5- 9+ 0 + 30- 8 

x7) -5+1+22-66 

10-18+ 0 + 60-16 

-35+ 7 + 164-392 

10-25 + 16 + 50-40 

-35 + 76- 50-120 

7-15+10 + 24 

+ -68) -68 + 204-272 

7-21 + 28 

1- 3+ 4 

6-18 + 24 


6-18 + 24 


Thus the H.C.F. is x* - 3x + 4. 


The introduction of the numerical factors (to avoid fractions) 
is justified by the fact that the remainders are still of the form 
Aj{x)->fBg{x). Another useful device is to make the constant 
term in the remainder zero. The factor x can then be removed, 
since it will be obvious whether it should be included in the 
H.C.F. Thus the working of Example 3 might be arranged : 


2- 5+ 3+10- 8 

2 + 0- 6 + 10 + 22-8 

6-15+ 9+30- 24 

2-5 + 3 + 10- 8 

6- 8- 6 + 40 

5-9+ 0 + 30-8 

- 7 + 15-10- 24 

' 2-6+ 3+10-8 

-21 + 46-30- 72 

3-4- 3 + 20 

21-28-21 + 140 

3-9+12 

17-51+ 68 

5-15 + 20 

‘ 1- 3+ 4 

5-15 + 20 


If at any stage a remainder can be factorised by inspection, it 


Can be found by trial which factors belong to the H.C.F. In thw 


example 3x* - 4x* - 3x + 20 could be factorised. 
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Two tlioorenis required in the theory of equations are added 
here. 

2J /{x), g{x) are polynomials ivith raiional coej^ients which are 
both zero for x — a, and if g{x) cannot be expressed as a product 
of two polynofuials with rational coefficients^ then g{x) is a factor 
of fix). 

Since /(fl) = 0 = p(a), a: -a is a common factor of /(a:), gix). 
Hence tlie H.C.F. exists. But the process of repeated division 
shows that the coefficients of the H.C.F. must bo rational. As 
g{x) has no factor with rational coefficients, the H.C.F. must be 
?(«)■ 

Example 4. If 1 + v/2 + ^3 is a root of the equation 

f{x}~agX^ + a^x^-^+ ...+aJ^~(i 

in which the coefficients are rational, prove that 1 :i:V2iv3 
also roots. 

The function 

^/3){2; - 1 + V2 + s/3)(a! - 1 ^ ^2 + v3)(a;' 1 + ^/ 2 - ^3) 

has rational coefficients and has no two factors with rational 
coefficients. Also fix), gix) are zero for = 1 + v/2 4- V3. Hence 
gix) is a factor of fix). Hence 1 i\/'2 iv/S are roots of fix) - 0. 

Repeated Factors. If {x~a)^ is a factor of the polynomial fix), 
then (x - a)^~^ is a factor of its derivative. 

Also if [x-a)^ is a common factor of f{x) and J'{x), then (a; - 
is a factor of f{x). 

f{x) S:ix-a)^gix) where is a polynomial, 
fix) = {x- a)^g'ix) +p{x - a)^~'^gix), 

.*. ix ~ a)^~^ is a factor of fix). 

If also (a;-o)*’ is a factor of f'{x), the last identity shows that 
it is also a factor Q^pix~ a)^'~^g{x). Therefore - a is a factor of 
g{x). Hence (a; - a)*'+Ms a factor of /(a?). 
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A sinular argument shows that if {x^ + 2bx+c)^ where 6^ / 0 , is 
a common factor of f{x) and f{x), then {x‘ + 2bx + 0 )**+^ is a factor 
of /(a;). 

In virtu© of these results the H.C.F. process can be used to find 
any repeated factors of a polynomial or any multiple roots that 
may exist of a given algebraic equation. 

Example 6. Solve the equation 

J{x) s *« - 1 6^* + 20a;H 1 3a;» - 4a: - 2 = 0 
given that there are equal roots, 

/'(«) s 2{3a:» - 32a:® + 30a:® + 13a: - 2). 

The H.C,F. process shows that a:® - 2a: - 1 is a common factor 
of f{x)f J'{x). Hence {x* -2x- 1)® is a factor of/(x). 

Actually /(x) = (x* - 2x - l)*(x* + 4x ~ 2) 
the roots are 1 ±«/2 repeated and - 2 ±>^0. 


LXERCm Xllb 
A 

Find the H.C.F. of the pairs of polynomials in Nos. 1, 2, 

1. 2a:® - 3a;® - 5x + 6, 3a:® - 8a:® 4 - 3a: + 2. 

2. 4a:* - 8a:® - 3a:® + 7a: - 2, 2a:® - 9.c® + 1 2a: - 4. 

3. Factorise 4a;* - 35a:* + 51a: - 18, given that it has a repeated 
factor. 

4. Given that 1 + v/2 is a root of a:* - a;® - 4a;® + a: + 1 = 0, find 
the other roots. 

5. Find the condition for x*~ 3Ex + O = 0 to have two equal 
roots. 

6. Prove that (y - s)" + (? - a:)” + (x - y)” is divisible by 
(3^* + y* + 2 * - 2 irs - za: - a^y)® if n - 1 is a positive multiple of 3. 

7. Prove that if n>L (x -■ 1)® is a factor of 

2a:”+* - (n + l)(n + 2)x® 4 2?i(n 4- 2)x - n(n 4 - 1) 
n.R.A.A. n. 


9 
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B 

Find the H.C.P. of the pairs of polynomials in Nos. 8-U. 

8, rr* - 2x* ~5x- 12, - 7x* + 13a; - 4 

9. 2a;* + 9a;* + 4a;- 16, 4a;* + 8a;* + 3a: + 20 

10. 2x* + x^ + 2x^ + l, x^ + 2x* + 2x-i-l 

11. 3a;* + 6a;’ + a;*- lOa;- 14, 3a;*+ 14a;* + 22a: + 21 

12. Given that >/2 + ,^6 is a root of < 

a;* + 2a;‘ - 16x* - 28x“ + 23** + 18* - 9, 
find all the roots. 

13. Solve 4** + 4**- 23** + 18* =4, given that the equation has 
two equal roots. 

14. For what positive integral values of n is **” + 1 + (*+ 1)*" 
divisible by {** + *+ 1)* ? 

16, Prove that the equation 

*” + na;”"Hn{n- 1)*”*® + ... + »! = 0 
has no equal roots. 


C 

16. Find the condition that tlie H.C.F. of *» + a** + 6* + c and 
*• + 6** + 0 * + c is not a mere constant. 

17. Find the condition for x*+ 2jM;* + 2rar+pr=:0 to have two 
equal roots. 

18. Explain the necessity for the condition in the state- 
ment on p. 263. 

19. If 2*- 4<a4-3 = 0 has two equal roots in complex algebra, 
find c and solve the equation, 

20. If /(*), gf(x) are co-prime polynomials • in * such that 

has a repeated root, prove that this root satisfies 
f'* + fli'* 0 where g' are the derivatives of/, g, 

21. If /(*, y) is a symmetrical polynomial in * and y having 
* - y os a factor, prove that (* - y)* is a factor of /(x, y). 
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H.C.F, Theorems. If h{x) is the H,C.F. of two pdynomiala 
/(»), g{x), then co -prime polynomials A, B exist stich that 
Af{x)-i-Bg{x) = h{x). 

If g{x), qy{x), are the successive quotients and r{x), fiix ), ... 
are the remainders in the process of repeated division applied 
to/(ar), g{x), f{x) ^g{x)g(x}-j-r{x) 

9{x) = r{x)q^ix) + r^{x) 

r{x)^r^{x)q^{x)^-rAx) 

These identities show that each of the remainders is of the form 
Af{x) + Bg[x) where A, B are polynomials in x. For example 
r=AJ+B^g where 1, 55= -5, 

T^~AJ^B^g where B^~\-B^q^y 

and so on. But ?i(.r) is the last remainder which does not 
vanish ; hence takin g A h{x)^ Af{x) + By (x ) . 

This may be written 1 = + BG{x) 

where F(a?), G{x) are the polynomials obtained by dividing 
f{x), g{x) by their H.C.F. h{x). It follows that AF(x) + BG{x) has 
no algebraic factor, and therefore that A, B are co-prime. 

In the special case when /(a?), g{x) aro co-prime, h{x)^rj^ is a 
mere constant, and both sides of the identity may be divided by 
this constant. Hence 

if f[x)t g{x) are co-prime polynomials, other co-prime 
polynomials A, B exist such that Af{x) + Bg{x) = I. 

The existence of A, B may be used to give a formal proof of 
the intuitive theorem : 

If F{x), 0 {x) are co-prime polynomials and if G is a factor of 
F{x)H[x), then G{x) is a factor of H{x). 

For AF -f BQ = 1, therefore AFH + BQH 

But (? is a factor of both AFH and BOH, hence it is a factor of H . 

Also, if F, G are co-prime and H is any other polynomial, then 
any common factor of FH and G is a factor of H. 

This also follows from the identity AF /7 + BOH 
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There is an important arithmetical theorem analogous to the 
algebraic theorem on p. 265 : 

If h is the H.C.F, of two fositive integers f, g, then co^prime 
'positive or negative integers A, B exist such that Af + Bg — h, and 
in particular if f, g are co-prime, integers A, B exist such that 
Af-vBg^l. 

This may be proved by precisely the same argument as is used 
on p . 26 5. The following alternative proof of the algebraic theorem 
is instructive. See also p. 282, No. 2^. 

Consider the set of all possible polynomials A/+ Bg where A, B 
are polynomials such that Af-\-Bg is not identically zero, and 
denote by R any one of them A^^f-^B^g whose degree k is not 
greater than that of any other. 

The special cases A = l, B = 0 and A — 0, B-l show that k 
cannot exceed the degree off or of g. 

Let q, r be quotient and remainder when / is divided by R, 
Then the degree of r is less than k, and 

r^f-qR^f- q(AJ+B^ g) = B^g. 

Hence unless r = 0 a new polynomial of the set has been found 
with degree less than k. This is inconsistent with the definition 
of k. Hence r=0. Thus i? is a factor of f. Similarly .B is a 
factor ofg. But the identity shows that any factor 

of/, gf is a factor of 22. Therefore R is the H.C.F. off and g, that is 
AJ-^B,g^h. 

Example 6, Find polynomials A, B such that 
A(a;» + l)+B(.'r2 + a;+l) = l. 

In tlio method of repeated division, the work is 

-ic- 1 ) a;* + ar+ 1 a;* + l + l 

x* + x + X + 1 

1 -X 

henc® + l = (.T;* + a; + + 

and a;* + x+ 1 = ( -x)( -X - 1) + 1. 
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Eliminating the term ( - x) 

{-X - l)(a;‘+ 1)= (a;*+a:+ l){,r^ - + 1 ( - ic - 1) + {-»)(- a: - I) 
= {a;* + a;+l)(-a;^ + fl;*-a:-l) + (a;* + a:+l)--l 
/, {x+ l){a?*+ 1) + (-x* + a:®-a;)(a;* + a: + 1) = 1» 

/. A = a; + 1, Bs -x* + x^-x. 


In the identity Af{x) + Bg{x)^h{x), the polynomials A, B are 
not unique, for evidently 


A' = A^C 




& = B--C 




h^x) h{x) 

where G is any polynomial, are also polynomials wliich satisfy the 
identity. 

Conversely if AJ+Bg=^h and A'f+B'g = h, A' and B' can bo 
wi'itten in the forms A + Cglh, B - CJlh, where (7 is a polynomial. 

For {A'-A)f=^{B~B')g, 

so {A'~A)jjh = {B-^B')glh, 

But //A, gjh are co-prime polynomials. Hence by the theorem 
on p. 265, ///i is a factor of B - B\ 

Let B~B'^OflK then {A' - A}f=iB - B')g--Cfglk i so 


A' - A^Cgjh. 

Thus A' = A + Cglh, B' = B-CJIh. 

Hence there exists at most one pair of polynomials A^, B^ of 
degrees less than those of gjh, flh respectively, such that 
AJ + B,g=^h, 

and it is easy to show that one such pair does exist. 

For if Af+Bg = h and if P, A^ are the quotient and remainder 
when A is divided by glh, and if Q, are the quotient and 
remainder when B is divided by fjh, 

A=:Pglh + A,> B = Qflh + B,. 

Then h==Af+B9 = (P -f- Q}fglh + AJ+B,g. 

But the degrees of A, A,/, B^g are each less than that of/^^/A, 
therefore P + Q ~ 0 and A^f + BiQ—h, 

The functions Ap may also be found by equating coefficients 
in an assumed identity, but this method is usually more laborious 
than the method used in Example 6. 
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EXEECISE XIIc 
A 

Find the simplest polynomials A, B which satisfy the idehtitiea 
in Nos. 1, 2, and give the general solution in polynomials. 

1. A(ai» + l) + R(ai* + 23j+2) = l. 

2 . A{2x* + x>~l^*-ix + 2} + B{2x* + 5x*-ix~3)^2x+l 

3. Find positive or negative integers A, B such that 

17A + 29B = L 
and give the general solution in intege^rs. 

4. If the polynomials ax* + bx + o and px^-i-qx + r are not 
co.prime, prove that (6r - cq){ciq ~ bp)* = {ep - ar)*. 

5. If o, 6, c, d are constants such tiiat ad 6c, and if /, <7, r, a 

are polynomials in x such that r = o/+6/7, prove that 

the H.C.F. of /, q is the same as the H.C.F. of r, s. What is the 
conclusion if od = 6c ? 


B 

Find the simplest polynomials A, B which satisfy the identities 
in Nos. 6<8. 

6. A(2af>-4a:» + 2a:~3) + R(a:*-2:r + 3)sl 

7. A(a;* + a:* - 1) + £(»;*+ l) = a:* 

8. A(3x* - 8a;* + 19a; - lOJ + + ix» - 22a;® - 9a; + 14) = 3a: - 2 

9. Find two integers A, B such that I OCA + 1375 = L 

10. Prove that the necessary and sufficient condition that two 
polynomials f(x), g{x) of degrees m, n are not eo-primo is that 
polynomials r{x), s{x) of degrees less than m, n respectively exist 
such tliat f(x)s{z) + ^(;i;)r(a;) = 0. 


C 

11. Provo that px^ + qx^ -i-rx + Sf 3x* + rx' + qx + p have a 
common factor of degree greater than unity p^ + qa~8*+pr, 

12. If aiC,+o,Ci=26i6, and aiX*+2biX+Cif u,ai* + 26ja; + c, have a 
common factor, prove that one of these polynomials is a perfect 
square. Interpret t his result geometrically. 

13. If f(x), g{x) are eo -prime polynomials and if r(x) is a 
polynomial of degree less than that of fg, prove that r can be 
expressed in the fonn Af+Bg, where A, B are polynomials of 
degreos less than those of g^ f respectively. 
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Partial Fractions, A rational function of a; is a function of the 
form where f{x), g{x) are polynomials in x. It is called 

irreducibU if f{x)t g{x) are oo-prirae, and 'proper if the degree of 
f{x) is less than that of gf(a:). 

If f[x)t g{x) have the H,C.F. and 

f(x) = h{x)f^ (a:), g[x) = h{x)g^[x), 


then//gf=A/^i for all values of x except those for which ^ = 0. 

\ifjg is not proper, it cen be expressed in the form q+ {rjg) as 
the sum of a polynomial and a proper rational function, by 
finding the quotient q and the remainder r when / is divided by g. 

It will be assumed in the theorems that follow that the given 
rational functions are irreducible. 

The process of expressing a given rational function in partial 
fractions is illustrated in Chapter V, pp. 89*93, by several numerical 
examples. The more general results which will be established in 
this chapter are required for the theory of integration. 

If Pj, P, are co-prime polynomials, the rational function 

A A } ^ 

can he expressed uniquely in the form P + ^ + ~ where B is a 
polynomial and AJP^, are proper and iireducihle. 

Since P^ P, are co-prime, polynomials L^, £, exist such that 
L,P^ + L,P, = 1, 


hence 


A A{L^P^-\■L,P,)_AL AL, 

F^Pr F,P, P, P^' 


By division, AjD, = PiPi + A, ALi-P,Pj + A, where the 
degrees of A,, A, are less than those of Pj, P, respectively. 


Hence vA" + B, + 4^+ 4^ where 4^* ^ are proper. 

-Ti X', -^1 

Aj/Pj, AJP^ must be irreducible. If for example AJP^ 
reduces to Ai'/P/, then the identity shows that A/(PiPt} is equal 
to a fraction with denominator Pi^Pj, and this contradicts the 
assumption that A/(PjP,) is irreducible. 
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To prove that the expression for Aj{P^P^) is unique, suppose 


that 


Then 


(B - D)P,P, + (A,-C,)P, = {C,- A,)P, 


P^ is a factor of {G^-A^)Pi unless this is zero. But P, is 
of higher degree than A^t and is therefore not a factor of 
0, - Also it is prime to Py Hence O^^Ay similarly = A, 
and B^D. 


Thus the result is proved. Repeated applications of it show 
that 


if Py Py , pJ^ are polynomials every two of which are co-prime, 
the rational function Aj{P^P^ con 6e expressed in the form 

_ A. A. A„ 

® + '^+7r + '- + -p“ 

where B is a polynomial and AfPy , A„/P„ are proper and 
irreducible. 

The same argument as above will prove that this expression 
for A/{PiP, ... P„) is unique. 


Application to the general Kational Function. 

From p. 257, any polynomial of real algebra can be expressed 
as the product of factors like {x-aY, {{x- + any two of 

the factors being co-prime. Hence by the theorem about 
A/(P,P,...P„), 

the general rational function f{x) jg{x) can be expressed in the form 
B C 

where a, B, C are polynomials and the degrees of B, C are Jess 
than r, 2s respectively. 

By division, any polynomial tj>{x) of degree m can be expressed 
in the form (x- cc)(l>^(x)+Py whore is a constant, and then 
can be expi*essed in the form («-a)^,(a:) + p^, and so on. 
This gives 

<I>{X) =p^+pPx - a) +p,{x - ... i-pjx - ar 
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where constants. Hence the proper fraction 

— — y may be replaced by 

_P> ■ , Pi I I Pr-i 

{x-:tY x~ a 

Similarly by division any polynomial ^ (a:) can be expressed in the 
form {{x~ + y*)<f^^(x) + q^x + r^ where are constants, and 

then ^i(x) can be expressed in the form { (a; - j3)* + y*}^a(a^) + 
and so on. If ^ (a;) is of degree 25 - 1 or 25 - 2, this gives 

==(9o^ + ro) + (Vj rj){{z -/?)* + y®} +.. . 

where r^,, q^, r^, ... , qg_^^ rg_i are constants. Hence the proper 
C 

{(x-^Y + y^Y replaced by 

q,x + r, g,a; + 7-t 

{{x~^Y+yr {{x~^Y+y^Y~^ " 

By using the argument on p. 270, it may be proved that this 
reduction is unique. The final result 


0 + SS7 


Pk 




^kP^ + rk 


"ia;-aF-* ' """{(a; -/?)* + 
shows what forms should be assumed in expressing a rational 
function as the sum of partial fractions. It remains to discuss 
methods more convenient than division of obtaining the values 
of the constants in numerical examples. See also Chapter V, 


pp. 89-93. 


Example 7. Express x* -|- 2x^ + 3a;® + 4a; -{- 5 in the form 

- 6) +Pi{x - 6}* +;>3(« - 6)® +pt{x - 6)*. 

Method 1, Divide repeatedly by x~G, using the method 
explained in Chapter VIII, p. 161. 

1 2 3 4 6 

8 51 310 1865 

14 135 1120 

20 255 

26 

Hence the expression is 

1866+1120(a;-6) + 266(a;-6)*+2G(a;-6)»-h(2:-6)*. 
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Me^wd 2. Putting ar= a in 

+Pa (a? -«) + /?, (a: ->«)»+... ^'pJ,x - «)«• 
gives and putting ic=a after differentiating f times 

gives 

In this example, ^ {x) = a;* + 2ic* + 3a;* + 4a; + 5, 

^'(a;) = 4a:’ + 6a;* + 6a; + 4, ^*(a;) = 12a;* + 12a; + 6, 

^*(a;) = 24a;+12, ^‘(a:) = 24. 

Hence p, = <^(6) =6* + 2.6* + 3.6* + 4.6 + 5= 1865, 

^j = ^'(6) = 4.6* + 6.6» + 6.d'+4=lI20, 

2!p, = ^*(6) = 12.6*+I2.6 + 6 = 510, 

3!p3 = ^*(6) = 6.26, and 4[p* = 24. 

Method 3, Equate coefficients of x\ a;*, a;*, x^, z\ 
l=Pv 2= ~~i.6p^+p^, 

3 = 6.6*pj-3.6pj + p,, 4= -4.6*p4 + 3.6*p3-2.6p,-fpi, 

5 = ~ 6*P3 + 6*p, - 6pi +pj, 

and solve these equation>s. 

Example S. Express + 6a;* + 4a:® + 3a; + I in the form 
(?o® + ^*0 ) + (?i a? + (a?* + aJ + 1 ) + (9a ^ + T",) {^* + a: + 1 )*. 

Divide twice in succession by a;* + a; + 1 using detached 
coefficients. 

14-4-1-3 1+3 

1 + 1-f-l J U6 + 4 + 0 + 3 + 1 l-fl + l)l-f4-l-3 
4+3+0 3-2-3 

-1-4+3 -5-6 

-3+4+1 
7+4 

Hence the expression is 

(7a; + 4) + (-6a;- 6)(a:>+a; + !) + (* + 3)(a!»-faj + l)* 
Alternatively the constants may be found by equating coefficients. 

The determination of the partial fractions of /(a;)/j 9 (a;) is par- 
ticularly simple when there are no repeated factors in g[x). 
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Ifc is easier to deal with linear than with quadratic factors. By 
the use of complex algebra, quadratic factors can be avoided, but 
the corresponding partial fractions have to be combined in pairs 
and further reduction may be necessary. 

Consider the fraction > — 

{x~(x)h{x) ' 

This is expressible as 

37 “ Ot a(37) 

where p is a constant and p = ~{x- a) ~~ • 

h{x) h{x) 

Futijng a for a?, p =/{a)/A(a). 

This result justifies the following rule for finding the numerator 
p of a partial fifaction pj{x — a) when 3J - a is not a repented factor 
of the denominator : 

Remove a: - a from the denominator and substitute a for x in 
the remaining fraction. 

Note. If g{x) = {x~ a)h{x), then h{cc) =/(«). 

Applying the rule, the partial fractions of 
f(x) 



are found to be 


/(«,) 


(«! “ «*}(«! •“ Ota) {®i “ «n) ^ 

^ /(«,) 


(«j-ai)(aa-a,)... (aa-a„) X-a, 

Hence, multiplying by (a; - «i)(x - ctj ... (x- «„}, 

. {x~a,]{x-a,)...{x-a^) 

"b/ w ■, ! 

. (aj - a,J(aj- aa) ... (a, - otj 


Writing 4i» ... for/(ai), /(a,), , this becomes Lagrange*$ 

interpolatitm formula for a polynomial of degree n - 1 which takes 
the assigned values A^, A^, , A^(or x~ oc,, 
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Example 9. Express 3 7 (^^ 1 j 3 , « 

nxx ^ P\ Pi QX + r 

The expression = — + 

-1+7 1 3+7 1 

and ~ 2 ’ ^*“{3 + 1)(9 + 3 + 3 )“ 6 ‘ 

Hence 

a; + 7 = { -i{a:-3) + i(a’+ l)}(a;Ha; + 3) + (5:i: + r)(a;+ l)(a7- 3 ) ; 
from coefficients of a;®, 0 = - 1 + g', .*. ?== J 
and putting x = 0, 7 - 1 + ^ - 3r, :. r= - f . 

•■• ^ + elA^ + 

X* 

Example 10. Express r--j in partial fractions, 

ijc — (Z)\W ' 4*0 ) 

The given expression is an improper fraction. By division oi 
by inspection it can be written as 

N 

x + a + - r— 

(a:'-a)(a:* + a^) 

where iV is of degree less than 3. Hcneo 

X* p qx + r 

— a; + a H — ^ 1- • 

{x - u){x^ + a^) x-a x* + a* 

1 

By the rule, p = -r ^ = - a*. Thus 

o® + a® 2 

X* = (x^ - a*) (a:® + a®) + + o*) + (qx + r){x~ a) 

- ia*a;* + ia^ = (ga; + f)(a;-o) 

- ^a^(x + a) = qx + r 

a® a®(j; + o) 

2{x~a)'' 2{x^+a*) 


and the expression = x + a + 
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EXERCISi: Xlld 

A 

1. Express r* ^ 2x* 4- 3a; - 1 in ascending powers of a? - 2. 

2. Express 8a;^ - x* + a; in ascending powers of 2a; + 1 , 

3. Express 6 - 4x + 3a;* + 2a;* - x* in the form 

0 + 6x4 (c-f'dx)(l -x + x®) + {c+/x)(l - x + x*)* 
Find the partial fractions in Nos, 4-10, 


4. 1 — I — 

(x-l)(x-3) 

7 ^ 

X*- 1 

9 

‘ (x> + l)(x* + x + l) 


(x -a){x - 6) 

8 . 


g ^a;® + 3x + 4 


10 . 


{x -«){x* + 6x + c) 
1 + 4x+ 12a;* 


(x+l)(x* + l) 
6 * <46 


1 - 16x* 


B 

11. Express x* + 3x* + 4x + 5 in ascending powers of x + 2, 

12. Express x* in ascending powers of x - 1. 

13. Express X* + 3x* + X + 1 in the form 

o + 6x + z(c + dx) + 2*(6 +/x) + 3*(gr + 6x) 
where z = x*-x + l. 


Find the partial fractions in Nos. 14-22, 

x+ 1 


14. 


17. 


(x- a){x- 6) 


(x-o)(x* + 6») 


15. 


(x-l)(x» + l) 

2x* - 3x - 4 


16. 


x*-! 


18. 


(x*-l){x* + 2x + 2) 


19. 

21 . 




(x-o)(x-6)(x-o) 

x,-x* 

1 - 6ix* + X* 


C 

20 . 

22 . 


(x-a)(x -6) 
S 


x»-l 
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Repeated Factors. Consider the fraction - — -v . -r-- where 

g{ix)^0. As on pp. 270, 271 this is expressible as 

. Pi , . Pr-i . 

{x-aY "* x-a g{x) 

and SO + + 

Putting a for x, = and so the value of can be written 

down by a similar rule to that given , on p. 273 for unropeated 
factors. 

The simplified form of ^ - .. when = is 
^ ix-ccYgix) [x-aY g{<x) 

: from which by the same rule p, = ~~ • 

{x-ccY^^gix) ^ g{«) 

Tho values of pj, p,, ... can be found in succession in the same 

way. But it is usually convenient in a numerical example when 

r is large to proceed otherwise. 

Putting rr- a =a, 

/(z+ a) . , * 5(2 + a) 

g{z + ct) * g{z + a) 

and the values of p^, p^, ... , p^_i can be found by successive 
differentiation and substitution of zero for z. This amounts to 
finding the coefficients in the expansion of f(z + a)lg{z + a) by 
Maclaurin’s theorem. The values might also be found by division. 

In dealing with a repeated guadraiic factor, the following method, 
due to Homer, may be used. 

If X- B = v, — r-. can be expressed in the form 

■ where g, h are polymomiala in of lower degree 
than a, If the expression becomes 
g(0 ■ h(t) 

+ f<+yy 


and each term can be reduced by the methods already given for 
linear factors. 
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Example 11. Express ~ in partial fractions, and 

find the coefficient of x*" in its expansion in ascending powers of x 
when I X i< 1. 


First Method 

Theoxpression = ^ + ^-, .nd = 


2 

3 


Put x-2 = z, then 

x'~8z + 9 _ (/: + 2)> - 8(s + 2) + 9 _ - 3 - + z* 
»+! z+3 ~ 3+z 

= ( - l-fz + |z*){l ~iz + iz» + 2*gr(2)} 
= - 1 - z + |z=* + 2®A(z). 


tt . 2 112 

^ 3(x+l) (x-2)» {x-2}» 3(x-2) 

Second Method 


x®-8x + 9 = ^(x-2)H5(x+l){x-2P + C{x+l){x-2} + i)(x-hl). 
Putx = 2, Z)=-l, 

/. X* - 7x + 10 = J(x - 2)s + B{x+ \){x - 2)» C(x + l)(x - 2), 
x-5 = A{x~2yi-B{x+l){x-2] + C{x+\). 

Put X = 2, C=: - 1, 

A 2x- 4 = ^(x- 2)® ■}-B(x+ l)(x- 2), 

/. 2 = ^(x-2) + j5(x + l). 

Put X = 2, B = I ; il = - 1 ; and this gives the same result 
as before. These two methods should be compared with the two 
methods given for the same example on p. 92. 

In the expansion of 

the coefficient of x*", if j x |< 1, is 

".|(-ir + ixi(r-!-l)(r + 2)2-^-i(r+l)2~^-i2-^, 
that ia - 1( - 1/ + i(3r* - 3r - 22)2"’^-*. 
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X 1 

Example 12. Express — ~ ix + 5)^ ^ partial fractions. 

x^-4xi-5 = {x-2)^ + l. Put a:- 2 = !/, then 

Ai. - y +1 

the expression - — • 


First Method. 


y+ 1 

y{y^4-iY~y ' {y^+i}^ 


, = “ + where p = 1 


= 1 4 , 

y ( y *+ i )» 


Use the method of Example 8, p. 272, to express -y^-Zy^-3y-{‘} 
in the form 02/ + 6 + (cj^ + d)(j/H l) + {6y+/)(y*+ 1)* 


- 1 + 0-2 + 0 
1+0+1) »l+0-3+0-3+l 
0-2+0-3 

0-1 + 1 


-1 + 0 

1 + 0 + 1 ) - 1 + 0 - 2+0 
0-1 + 0 


A -y'’-3y®-32/+l = (-y+l) + (-^)(y*+l) + (-y)(^*+l)*, 
and the axpreseion=J + j^- 


Second Method (HomeFs)* 

yto’ + i)’ (.v '+ i)> ’'</■(!/’ + D* 

I^) 


y y y 

"-r^?-rrrt 


_ l-y y y 
“ (yM+r* ■ (7TTf> ■ ^ 
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Third Method. 

Lt y+ 1 _A By^C D y^-E i'y^G 

^ t/(2/* + 1)*“ 1/ 2/*+ 1 


then y^l^A{y^-\-l)^ + {By + 0)y{y^ + l)*-^{Dy + E)y{y^+l) 

+ {Fy + G)y. 

Put2/ = 0, A = l, 

A -y*-^y^-Zy^ + y^{By + C)y{y^ + l)* 

+ {Dy + E)y{y^-i- l) + {Fy + G)y, 

- y^ -Zif -3y + lm {By + C){y^ + l)*-f {Dy^-E){y^ + 1) + Fy + (?. 


Futy = i, -i-i-l = Fi*+0 i /, ^’=-1, (?=1, 


and _ys_3^3_ 2y = {By -{-C)iy*&l)^ + {Dy + E){y*-^ 1) 
-7f~2y = {By + C){y^ + l) + Dy'\-E, 


Puti/ = i, /. -i~Di + E; /. D=-l, F = 0, 
and -yt.^y^{By + C){y*+l), -y~By + C. 


This gives the same result as before, and since x~2~y, 


the expression = 


1 


~ix + 5)^ (a;“ - 42 + 6)2 2 ;“ - 4x -i- 6 a? - 2 


EXERCISE Xlle 
A 


Find partial fractions for the expressions in Nos. 1-6. 


- *• - 2 + 1 

A ® + 3 
(2-l)(2»+l)' 


, 2 + 1 
" (2- 1)2(2* + i) 

. (2-1)(2+3) 

'* (2+l)(2»+l) 


22 * + 32+1 
(2- 2)'2(:^'3“) 

6 . 1 

(2+l)*(2>+l)> 


Find the coefficients of 2'' in the expansions of the functions in 
Nos. 7-9, stating when the expansions are valid. 

7 32* -2 . . 32 . 2* + 22 + 3 

'4-2* * (1-22)(1+2*) ' (2*+l)(2+l)* 

10. Express : — in partial fractions. 

^ {2+2}(2*+22+2)* ^ 


D.R.A.A. ir. 
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B 

Find partial fractions for the expressions in Nos. 11-16. 

12 , 13 , 

*‘(*-1) (*-l)(2: + 3)(a;-2)' 

H ^ 15 ® 16 

(x-l)»(*-2)(®-3) (ic>- l){a;»- 1) 

Find the coefficients of aj*" in the expansions of the functions in 
Nos. 17, 18, stating when the expansions are valid. 


17. 


1 

1 -h ir + aj* 


13. 


^l-3a: 

{l-2a:)(l-a;)* 


C 

Find partial fractions for the expressions in Nos. 19-21. 

19. \ 20. 

(a;-l)»(a;-2)* 1)* 

2x*~8x> + Zx^-nx 
■ (irHl)*(a:> + 2)* 

22. Find the coefficient of it’’ in the expansion of the function 

(1 - 2;)(1 - : k ^(1 ^!* l *^^* 

23. State what method you would use for expressing 

aj-f-S 

(i*T^+5)3(i+iy> 

in partial fractions. 

24. Express — a) (a; ^6) (a; — ^ partial fractions if a, b, c 

are all unequal. 

25. Express — as the sum of a polynomial 

(a; - ociKa; " ttj) ... (a: — a,j) 

and partial fractions, if aj, Kj, ... are all^unequal. 
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MISCELLANEOUS EXAMPLES 
EXERCISE Xllf 
A 

1. Find the simplest polynomials P, Q in z such that 

(a:* + 2ir* - 3a; - 3)P -h{z*-z^~2x-l)Q = 0. 

2. Prove that z^~px^ + q = 0 has two equal roots if 

{p{n - r)llqn)]^ = {{n - r)l{qr)Y 


3. Prove that (« - 1)* is a faetor of 

- n>a;"+i + 2(n* - l)a:” - 4- 1 

Express in partial fractions Nos. 4-6. 

. X* _ ftr® 


9 






(l-2.r)(l + a;)® 


7. If n is an integer greater than 3, expr&ss the fractional part 
of (1 -f a;)"/(2 - a:)® in partial fractions 

8. Prove that | l)(r-2) ... (.-n) 

f=o(?'l)*(n-r)!(a: + r) l)(a;-t- 2) ... (x + n) 

and deduce that 


(n-j-1)! 


[n+2)\ 


l!2!(n-l)! 2!3!(n-2)! 


+ ... to n terms = 1. 


9. If the polynomial f{x) is divided by the product g{x) of n 
imequal factors (a; - aj (a; - aj) , . . (a; - a„), prove that the remainder 

can be expressed in the form S . 

g (a,) x-a^ 


B 

10. Find the condition that ax* + hx*-¥Ct ax* + bx + c should 
have a co mm on factor. 

1 1. Find the conditions tliat ax* •}• 36a:* + dex + d = 0 should have 
three equal roots. 

12. Given that - 1 + s/3 is a root of z* - 5x* - 13a:* + 20a; -6 = 0, 
find the other roots. 
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Express in partial fractions Nos. 13-17, 

13 14 x^-^-ax-^-b 

{x~c){x-d) ' (jc + c)* 


16 8 

(a;- 1)* ' x^{x^ ~ x^ -x-^l) 

17 i[ f , 

(ar - a)*(a;* - 26a; + c) 

18. Prove that if m and n are positi ve integers 

1 1 fm\ 1 m\n\ 

n + 1 \l/7i-t-2 \2/w-f-3 { w + 71-1- 1)1 

19. If L{(a; - o)^ia; - 6)”}, Oi* 6, is expressed in partial fractions, 

prove that the coefficient of is 

' ^ {o-6)"+>! 

20. If g{x) = {x- ai){a: - at,) ... (a; - a„) where no two lactors are 
equal, and if f{x) is a polynomial in a; of degree n - 2, prove that 

2/(«r)/5r'(«r) = 0. 

21. If g{x) = {x - aY ^{x) where and if 

/(^)^ Po , Pi 

g{x) (x-a)* x~a <l>{x} ’ 

prove that 

Po = 2 /(a)/ 5 f*(a) and Pi=-H^f'ia)g^a) -f(a)g^a)]l{g^a)Y 
whore g''(x) denotes the rt** derivative of g{x), 

22. If n is a positive integer prove that 

(n\ 1 M 1! /n\ 2! 

Viya; + n'^ V2/ (a;+n)(a; + n- 1)‘^V3/ (a;-f-n)(a; + n -!)(*+«- 2) 

+ ton terms 

2 : + l x+2 z + n 


23. Prove the arithmetical theorem on p. 266 by the alternative 
method given for the corresponding algebraic result, degree being 
replaced by absolute value. 



CHAPTER Xm 

THEORY OF EQUATIONS 

Positions of the Roots of an Equation in real Algebra. 

If f{x) is a polynomial, not zero for x = x^ or then the number 
of roots of the equation f{x] = 0 which lie between and is odd if 
fiXj),f{xJ have opposite signs. 

For by Chapter XII, p. 267, 

fix) = a^{x-p,){x~pf)...{x- p^,)g{x) 
where g{x) is a product of factors of the form {x-g)' + r* or else 
is unity. Sinco/{a;i),/(3;j) have opposite signs and g{x) is positive, 
the linear factors cannot all be absent and 

(ajj - pj (a;, - p,) . . . {x^ - p^), (x, - p,){x^ -p.) . ■ • - p^) 

must have opposite signs. But (ajj-p), {x^-p) have the same 
sign unless p lies between Xj, x,. Hence on odd number of 
Pi» Pj> ••• » p* must lie between Xj, x,. 

Conversely when this is given, /(x^), /(x,) must have opposite 
signs. Hence 

number of roots of /(x) = 0 which lie between x^ and x, is even 
or 2 ero ®//(X|),/{Xj) have the same signs. 

Note. Instead of the statement /(xj, /(Xj) have the same or 
opposite signs, may be substituted /(x^)/{Xj) > or <0. 

If /(x) = x'* + ttiX"-! + + a„ - x” ^1+ J , a sufficiently 

large number K can be chosen so that /(x) has the same sign as 
x" for X >K and for x< - K. Thus f{K), f{ - K) have opposite 
signs if ft is odd and the same sign if ft is even. Hence an equation 
of odd degree has an odd number of roots and therefore at least 
one root ; and an equation of even degree has an even number of 
roots or no^ roots. These results were proved by another method 
on pp. 267, 258, and they may be illustrated graphically. 

28 S 
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It should also be noted that if a„ is negative and n is o'^^on, the 
equation has at least one positive root and one negative root 
because the signs of/(7t),/(0),/( - A') are + , - , + . 

Since /(0) = a„ and j{K) is positive# the number of positive 
roots is odd if and only if is negative. /(K), /{ - K) are usually 
denoted by /(<»),/{-«> ). 


BoUe’s Theorem. It is fundamental in analysis that if a 
function j{x) has a derivative at every point of the interval 
a<x<b and is continuous up to the tihds of the interval, and if 
y{a) = 0 =f{h), then J'{x) vanishes for at least one value of x in 
this interval. 

The algebraic form of the theorem may be stated as follows. 

IJ are comemtive roots off(x) - 0 where f{x) is a polynomiaU 
then f{x) - 0 has an odd number of roots between and x^. 

This applies even if a;, are multiple roots. 

Let f{x) Xj)^{x - Xj)^y(x) where, since z^f are consecutive 

roots, g{x) has the same sign for the interval from z^ to Xj, 

By logarithmic differentiation 


Hence 

where 


f{^)^ P ^ g 
f{x) X - Xj X - X, 


+ ^-~» wherep>l, o>l. 


f'(x)=.{x-x,)P-^x-x,)<i-^h{x) 
hix) ~{p{x - X,) + q{x - xj}gr(x) + (x - xj(x - x,)g'(x). 


Since h(Zi)^piXi-x^)g{Zj) and h{x^)=g{x^-Xi)g(xfj have 
opposite signs, it follows that A(x), and therefore /'(x), has an odd 
number of roots between Xj and x,. 

It may be deduced from RoUe’s Theorem with the help of the 
theorem on p. 283 that ify(x) is of degree n, necessary and sufficient 
conditions for /(x) = 0 to have n unequal roots are that /'(x) has 
ft - 1 unequal roots say in ascending order, and 

that the signs of the series 

which is called Rolle’s series, are alternate. The reader should 
illustrate these results graphically. 
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The theorem on p. 283 shows that if there are n changes of 
sign in any series /(y,), /(y,), , /(y^) where y^< y,< ...< y„, 

f{x) = 0 hag n unequal roots. But if in any special case it is easy 
to find the roots of/'(ar) = 0, as in Example 1, it is quicker to use 
Rolle’s series than to search for other suitable values of x, 

Example 1. Eind the range of values of h if the equation 
J{x) =x*-Hx^ + 2ix -k = 0 has 4 unequal roots. 

f'{x) = - 28a: + 24 = i{x - 2){a: + 3)(a: - 1). 

Che roots of /(a:)~0 must be separated by those of /'(a:) = 0, 
namely - 3, 1, 2. The signs in Rolle’s series 

z -00 -3 1 2oo 

f{x) + -117~A: ll~k S-h + 

must bo + , - , + , - , + , and 
therefore 

The result may be illustrated 
by the graph of i/ = a;* - 14a:^ + 24a: 

(not here drawn to scale). The 
straight line y = k meets the curve 
in four distinct points if and only 
if 8<fc<U. 



Example 2. Prove that the equation 




~z-a.^ z~t 




has n roots if a^, a o„ are unequal. 

First Method. Suppose that aj<a,<...<o„ and consider the 
polynomial g{z) = {z- ai){z - a,) ... (a: - a„)/(a:). 

The series of signs in 


X '-00 Oj Uj ... CO 

Sf(a?) . ifc(-l)" (-1)"-! {-!)«-•... -1 + 

contains n changes whether k is positive or negative and therefore 
(/(a:) = 0 has n roots. 
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Second Method. Consider the corresponding equation in 
complex algebra, a^, ... , a„ and k being iP-axal, and denote any 
root by p + qi, then p-qi is also a root. Therefore 

2a,* ( 1 ) = 0, 

Q, * 

whence oS — i = 0 and therefore g = 0. 

(p-«r)* + ?* 

Thus ail the roots are a;-axal, and therefore in real algebra 
there are n roots. 

Example 3, Prove that the equation 
^{A) = (a - A)(& - A)(c - A) + 2fgk ^ (a - A)/* - (6 - X)g^ -{c- A)h* = 0 
has three roots. 

If/, g* h are all zero, a, b, c are roots. Svippose then that/75:0 
and write 

^(A) = {a~ A){(5 - A)(c - A) -/>} - {(6 - A)g* - m + {c- Xm, 
^iX)^{b-X)ic-X)-p. 

Since the signs of 0(6), 0(cio) are +, +, the 

equation 0(A) = 0 has roots Ap A^ such that Aj< 6< Aj, 

But {b-\){ib~X)g^~2fgh+{c~X)h^} 

-{(&-%-W + 6*{{6-A)(c-A)-/»}, 
thus {&-A,)0(A,)=-{{6-A,)g-6/)» 

ib-X,mX,)=-{ib-X,)g-hJ}\ 

If then 0{Ai) 1 0, 0(Aj) ^ 0, the scheme of signs 
A - oo Ai Aj » 

0(A) + - + - 

shows that 0(A) = 0 has roots a, |8, y such that a<X^<^< A,< y. 

If 0(Ai) = O and 0{Aj)TfcO, the signs are +, 0, +, Hence 
tliere is a root greater than Aj as well as the root Ap Similarly if 
^(AJqfcO and 0(Aj) = O, there is a root less than A, as well as the 
root Ap In these two cases and also when both A^ and A, are 
roots, there must also be a third root because a cubic which has 
two roots must have a third. 
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Descartes’ Rule of Signs. Some information about the number 
and position of the roots of an equation 

/(a;)=ic” + aj + + + ce„ = 0 

can be derived from a consideration of the signs of the coefficients 
a^, a a„. For convenience it is supposed that o^^tO. 

When two consecutive coefficients of a polynomial arranged in 
descending powers of x have the some sign there is said to be a 
permanence and when they have opposite signs there is said to 
be a variation in f{x). For example x’’ - 2x^ - as* + 2a:* - 7 contains 
1 permanence and 3 variations. 

According as is positive or negative, tlio number of variations 
m/(ic) is even or odd, but also from p. 284 the number of positive 
roots of f{x) — 0 is even or odd. Hence the number of variations 
of f{x) and the number of positive roots of f{x) — 0 are of the 
same parity ^ that is they differ by an even number or zero. 

The theorem of Descartes states that 

ij J{x) is a polynomial with v variations, the number of positive 
roots o//(a;) = 0 is not greater than v and is of the same parity as v. 

The last part of this theorem has just been proved. The first 
part is proved by showing that if g(x) is any polynomial and if 
k is positive, the expansion of (x-k)g(x) contains at least one 
more variation than g(x). 

Arrange g(x) in descending powers bracketing the permanences 
together. Then if g(x) contains p variations, 

g(x) = {a:^ + . . . + g-ni ^ x”9+i) 

+ (- + ... + (- 
where Oj, ... , c are positive and the other constants are 
positive or zero. 

In the expansion of (x~k)g{x)t the coefficient of is 
- klf, - and is negative, and the coefficient of has the 
sign of ( - I)*". Hence 

(a: - = ...) + ( - + ...) 

where tho constants Jc, c, &p 6 are positive and (6pic”J>+i + ...) 

m\ist be replaced by ox if a,= 0. 
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Thus whatever may be tlie signs of tlie terms not written down, 
the expansion of {x-h)g{x) contains at least + 1 variations. 

Suppose that /(a;) = 0 has exactly p positive roots. Then the 
equation is 

/(a;) = (:r- aj)( 2 r- aj) ... (a; - + ... +c^) = 0 

where oti, «g, ... , are positive. Therefore by what has just 
been proved f{x) has at least p variations. Thus the number of 
positive roots of/(a;) = 0 cannot exceed the number of variations 
of J{x). Since Kj, ... , are noV necessarily unequal, an 
r-fold root must be counted as r roots in applying Descartes’ 
theorem. 

By writing - x for x and applying the rule to the new equation, 
an upper limit is obtained for the number of negative roots of 
the original equation. Hence the total number of roots of J{x) = 0 
(excluding zero roots) cannot exceed the sum of the numbers of 
variations in f{x) and /( - x). 

More generally if y - (a - x)l(x - b) where o >&, then y >0 when 
a>x>bi hence if /(«) = /;. (y), the number of positive roots of 
h[y) — 0 is the same as the number of roots of/(a;):=0 between a 
and b. Thus Descartes* rule may be used to find an upper limit 
for the number of roots between a and b. 

For a generalisation of Descartes’ theorem, see Exercise Xlllb, 
No. 28. 


Example i. Find the number and positions of the roots of 
/(a;) = 2a:5-4a:*-9a:-2 = 0. 

The number of variations in f{x) is obviously the some as in 
|/(a:) =x* - 2x^ ~ - 1, so it is unnecessary to make the coefficient 

of the term of highest degree unity before using Descartes’ rule, 
/(x) has 1 variation, j{x\ = 0 has at most 1 positive root. 

/( - x) s - 2a;® - 4x* + 9x- 2, /( - x) has 2 variations, 

/(^) — 0 most 2 negative roots. 
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Also we have the table of values 

X -2-1023 
/{is) -112 1 -2-20 133 

there are negative routs between -2,-1 and - I, 0, and one 
positive root between 2, 3. 

Descartes’ rule sliows that there are no other roots. 

Incomplete Equations. The equation 

is called complete if all the constants Oj, a^, are different 

from zero ; otherwise it is called incomplete, 

Descartes’ rule is more effective for incomplete equations. 
When applied to a complete equation, it can never prove that 
f{x) = 0 has less than n roots because the permanences of f{x) 
are variations of /( - a;), so that the sum of the number of varia- 
tions of f{x), f{ - a;) is n. 

Consider the incomplete equation 

f{x) + + . . . + ~ 0 

where n >n^ >a, > . . . >0, and the system of subsidiary 

equations 

g^{x] =a:” + - 0 g-^ [x)=a^x^^ -h aja;”» = 0 

+ =^- 

If is even, ^^(a;) = 0 has no roots or 2 roots other than 

zeros according as a,., have the same or opposite signs, and 
in these two cases the sum of the numbers of variations in g^ix), 
g^i-x) is also 0 or 2. 

If rif - is odd, p^{a;) == 0 has 1 non-zero root and the sum of 
the numbers of variations in g^ix), - a:) is also 1. 

Hence the total number of non-zero roots of the subsidiary 
equations is equal to the sum of the numbers of variations of 
f{x)tf{ -x), Iq other words 

an incomplete equation cannot have more roots than the total 
number of roots {other than zeros) of the subsidiary equations formed 
by equating each pair of consecutive terms to zero. 
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Example 6. If /(x) «a:" + ajrr”“^ + and = ®r+i = ‘^r+»» 

provo that /(x) = 0 cannot have more than n - 2 roots. 

In the product [x ~ l)/(x) 6 iX” + . . . + 

^r+i ~ K +2 ~ 9, and therefore one of the subsidiary equations is 
6 ,x»-'+‘ + 6 ,+.rr"-'-= 0 . 
which has only one root other than zero. 

Thus (x- l)/(x) = 0 cannot have more than n~\ roots, and ao 
J{x) ~ 0 cannot have more than n-% roots. 

EXERCISE Xllla 

{Throughout this exercise the algebra is real] 

A 

Find the number of roots of the equations in Nos. 1, 2, and 
determine pairs of consecutive integers between which the roots lie. 

1. x5-6a, + 2 = 0 2. 10x + 7 = 0 

3. If X* + 4x® - 8 x* + A = 0 has 4 unequal roots, prove that 
0<A:<3. 

4. Find the range of values of h for which the equation 
X* - 26x“ + 48x - A; = 0 has 4 imequai roots. 

5. If p* >g and a, ^ are the roots of x* - 2px + (? = 0, prove that 
- 3px* + 3gx - f = 0 has 3 roots if r lies between pq - 2a(p“ - q) 

and pq-2^{p* - q). 

6 . If >a, >03 >a^ >aj >ag, prove that 

(x- a,)(x-aj)(x-aj)-f 6 *{x- - «e) = 0 

has 3 unequal roots, and generalise this result. 

7. Prove that if m, n, p are unequal odd positive integers and 
if a, 6 , c are all unequal, the equation 

/(x) - a*l{x - ar + h,^l{x - 6 )« + g^^I{x - c)p - 1 = 0 
has exactly 3 roots. 

8 . l^fgh^O and if two of the roots of the equation 

(a - A)(& - A)(c - A) -/“(a - A) - g^b - A) - h^{c - \) + 2fgh^0 
are equal, prove that a~ghjf=b~ Iifjg = c -fgjh. 

9. If f(x) s x” + OjX”“^ + ... + a^ and if = 0 and > 0 , 

prove that /(x) 0 has not more than n - 2 roots. 
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10. Explain the fallacy in the following argument : 


rr ^ A* i?* 
If 6{x)^ + 

X’-a 


7 + 

0 x-c 




^'(a;) = 0 has no roots ; by Rolle’s theorem, ^(a;) = 0 
has at most 1 root. But actually ^(a?) = 0 hag 3 roots. 


B 

Find the number of roots of the equations in Nos. 11 , 12, and 
determine pairs of consecutive integers between which the roots lie. 

11. x»-7;r+2 = 0 ^ 12. a;* + a;*- 10a;- 3 = 0 

13. If p^O, prove that 3a:* + 4x*+p = 0 has 2 roots or none 
according as jo< 1 orp>l. 

14. Prove thatx(x- 3)* = 4 sin* a has 3 positive roots, if a^nrr, 

15. Prove that has 3 unequal roots if and only if 

27g> + 4p*<0. 

16. Prove that if Uj, ... , a„ are all unequal, the equation 
21/(«-a^) = 0 hag n~ 1 roots. 

17. If /(a;)=a;” + aja;”~^ + ... +a„ and if n is odd and o„>0, 
prove that/(x} - 0 has at least one negative root. 

18. Prove that if /(a;) ia a polynomial, the equation /'(a;) = 0 has 
an even number of roots (or no root) greater than the greatest 
root of/(a;) = 0. 

19. If f{x) is a polynomial and if jSi, are consecutive 

roots of/'(a;) = 0, and if /Sj is an r-fold root where r is even, prove 
that if/(jSj) 7 ^ 0 , there is at most only one root of/(x) = 0 between 

and 


0 

Find the number of roots of the equations in Nos. 20, 21, and 
determine pairs of consecutive integers between which the roots lie. 

20. 27a;‘-45a?*~27ii; + 4 = 0 21. a:* - Sa:® - 5a;» 4- 22 : + 9 = 0 

22. If /(a;) = (x* - 1)^, prove that/" (a;) = 0 has n unequal roots. 

23. If /(x)sa;" + aia;"~H ... + a„ and if a^* = af_iar+i» prove 
that /(a;) = 0 has not more than n - 2 roots. 

24. lSp(p - n) >0, prove that the equation 

x" + px""’ + 8p(p " x""* + . . . + = 0 

has not more than n - 2 roots, 
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Sturm’s Theorem. This theorem determines oxaetly the number 
of roots of = + + + a„ = 0 which lie between any 

two given numbers a and j3. 

If {<l>{x)Y is a factor of /{a;) and r>2, ^(a;) can be found by the 
method of p. 263, and the equation ^(a;) = 0 can be considered 
separately. It is only necessary therefore to consider an equation 
/{x) = 0 which has no multiple roots. 

Let the process of finding by successive divisions the H.C.F. of 
f{x) and its derivative f{x) be modified by changing the sign of 
each remainder before using it as a divisor, and let the remainders 
with their signs changed be/j (a;),/, (a;), .... 

For uniformity write /j (a:) for f'{x). Then the functions /(ai), 

fmi^) called Sturm’s functions and we denote 

by v{^) the number of variations of sign in the series of numbers 
proceed to show that the number 
of roots of/(a;) = 0 between a and ^ depends on v(a) 

The division process shows that each Sturm’s function is of 
lower degree than the preceding one, so that m<n, and because 
it is assumed that there are no repeated roots, f{x), /,(a;) are 
co-prime and so the last function is a constant and is not 
zero. 

The only property of/^(a;) that will be required is its invariable 
sign. If therefore an earlier function is of invariable sign for 
a<x< /S, there is no need to calculate any function beyond (a;). 

Let the quotients in the H.C.F. process be g,, ... . Then 

/r-l — ?r/r “/f-t-i 
fjc-t = 9fc-i A-i “A 

The Sturm’s functions possess the following properties. 

(i) Each of the functions /» A* A» ..• » A ^ ^ polynomial and can 
only change sign when x increases through a root, say x=Cr 
of/=0 or A — 0. If h is sufficiently small, / or A remains 
unaltered in sign for c - ^< »< c and for c<x<c+ h. 
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(ii) No two consecutive functions are both zero for the same value 
of X. 

For if when x~c, f^_^ = 0 it follows 

from /r-i = ?r/f-/r+i that A+,-0 
and from the next identity that/r^j = 0, and so on. Thus 
fj^ - 0, contrary to the definition of f^. 

(iii) and have opposite signs for any value of x, say x = c, 
for which /f = 0, and if ft is sufficiently small, retain these 
signs throughout the interval c-ft<ir<c + ft. 

This is proved by the identity used in (ii) and by (i). 

(iv) If f{x) = 0 when x = c and if ft is positive and sufficiently 

small, f and f^ have opposite signs for c-h< z< c and the 
same sign for c< a; < c + A. 

Since a; = c ia not a repeated root of f{x) - 0, /^{c) 0 and ft can 
be chosen so small that/j(c) has the same sign throughout the 
interval c-ft<a;<c + ft. Also if ft is sufficiently small, f[x) has 
the same sign throughout c - h<x< c, and since 

f(c - ft) =f(c) - ft/i{c - ff^h) = ft/i(c - (0< ^^< 1, ft >0) 

this sign must be opposite to that of/i(c). 

Similarly f(c + ft) = ft/i(c + 0jft), (0< 1, ft >0), and therefore 

f(x} has the same sign as/j(c) in the interval c<x<c + ft. 

Consider now the change in the value of v(x) when x increases 
from a to )S. 

By (i) there ia no change in the value of v{x) except possibly 
when X passes through a root of/=0 or of = 

By (iii) the series f^^^, f^, contains exactly one variation 
on both sides of a root x = c of/^ = 0. 

Thus the value of v{x) can only change when x increases 
tlirough a root = o of/-0 ; and by (iv), i;(a:) is diminished by 1 
when X increa.ses through a root of/= 0. Hence Sturm’s theorem : 

If f{x) — 0 has no repeated roots and if a, ^ {a< are not roots of 
f{x) ^ 0, the number of roots of f(x) = 0 between a and /S is i;(a) - 
where i((a:) denotes the number of variations in the series f,f^,f^, ,fj( 
of Sturm's functions. 



204 


ADVANCED ALGEBRA 


[oh. 

TJie reader should test his grasp of the argument used in this 
proof by showing that if j3 is a root of f{x) = 0, the number of 
roots between a and p is t?(«) - v{jS) - 1 whether a is a root or not, 
and that if a is a root and is not, the number is t;(a) - 

In numerical applications the work can often be simplified by 
multiplying Sturm’s functions by positive constants to avoid 
fractions in the H.C.P. process, but multiplication by a negative 
constant would vitiate the result. 

If the last Sturm function is a constant it often saves time to 
evaluate it or find its sign by using the’remainder theorem. 

Also if any function/^ i3 of the form gf{x)hf.{x) where hj.{x) is 
positive throughout the interval «< a;< j8, may be replaced by 

in continuing the H.C.P. process. The argument used to provo 
Sturm’s theorem is not affected if after/j._, where 

fy=g^h^ and hf is positive, we continue with = 
taking aa the next Sturm’s function, and so on. 

Sturm’s theorem gives a necessary and sufficient condition for 
an equation of degree n to have n unequal roots, since there must 
be a loss of n variations as x increases from « to + «> . This is 
only possible if the series of Sturm’s functions is complete, i.e. 
contains n + 1 terras. Also the signs must be alternate for x< - K 
£md all the some for x >K', if X is sufficiently large. 

Example 6. Find the number and positions of the roots of 
f(x)=x* - 4a;* + + 6a; + 2 = 0. 

ff(x) = 4a;* - 12a:* + 2a; + 6 = 2(2a:* - 6a:* + ® + 3). 

The H.C.F. process with detached coefficients is 


2- 6+ 1+ 3 , 

10-30+ 6 + 16 ' 

2-8 + 2+12+ 4 

-2+1+ 9+ 4 
-6+10+ 7 
6-10- 7 

-10+19+15 

-6-7 

- 1+ 1 

- 12 

1- 1 

+ 12 
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tlie series of Stiirra’s functions is 

/=:c* ~4x^ + x^ + Qx + 2, A = - 6x> + x + 3, 

f, = 5x'~l0x~7, /,=ir-l, A=12. 

For sufficiently large values of K the signs aro 
when x<~K, + - + - +, w{-i!r) = 4, 

when x^O, + + - - +, t){0) = 2, 

when X >/C, + + + + +, v{K) = 0. 

/. there are 2 negative re :)ts and 2 positive roots. 

Further when x= - 1, the signs are + - + - + , tj( - 1) = 4, 

when X = 2, the signs are +-- + +, v{2) = 2, 

when X — 3, the signs are + + + + +, w{3) = 0. 

Therefore 2 roots lie between - I and 0, and 2 roots lie between 

2 and 3. It is left to the reader to separate each of these pairs of 
roots. 

Note. When xs: 1 , we obtain +0-0 +, giving 2 variations. 


BXERCISH Xlllb 

[Throughmt this exercise the algebra is real] 
tJae Sturm’s theorem for Nos. 1-17. 

A 

1. Prove that x* - 7x + 7 = 0 has 2 roots between 1 and 2, and 
1 root between - 3 and - 4. 

Find the number of positive roots and the number of negative 
roots of the equations in Nos. 2-6. 

2. x*-22x»-36x + 40=:0 3. x®- 5x' + 25x + 1 = 0 

4. + 5. x" = x-l 

6. Prove ^that x* + 4rx + 3^ = 0 has no roots if r*<s^. 

7. Prove that if p>0 and 2>0» 2x‘-^x* + 35 = 0 has 1 root 
or 3 roots according as qr* > or < p*. 


D.R.A.A. II. 
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B 

8. Prove that + 14a:® - l(te - 7 = 0 has exactly 2 roots. 

9. Eind the number and positions of the roots of - 5aJ 1 = 0. 

Find the number of positive roots and the number of negative 
roots of the equations in Nos. 10-13, 

10. a:®-f a:®- 18a:+ 10 = 0 11. + - 2a:*-)- 8a: + 2 = 0 

12. 3a:‘‘ + 5x®-2=0 13. a;® - 2a;* - 2^*a: -f- = 0 


C 

14. Find the number of positive roots and the number of negative 
roots of 2a;” - nx* -f- 1 = 0 where n is odd and greater than imity. 

15. Prove that a:**f 2ma:*- 2a;/m- 1 = 0 has exactly 2 roots. 

16. Prove that a:* -f Soa;* -h 5 = 0 has exactly 1 root if either 
ti >0 or a< 0< 5* -j- 108a*. 

17. Find the conditions that x'*^ + ax + b = 0 has 2 roots or no 
roots, given that n is even. 

18. If the equation /{*) = x” + -I- , . . -t- = 0 has n unequal 

root.s and if /, A, is the series of Sturm’s functions, prove 
that /,;(a;)-0 has n-r unequal roots which separate the roots 
offr^iix) = 0. 

19. If the equation f{x) = 0 of degree n has n unequal roots, 
prove that f(x) and its successive derivatives have the same 
properties as the Sturm’s functions. 

20-28 are further applications of the methods of pp. 283-293] 

20. If the equation = ... + o„ = 0 has n vm- 

equal roots, prove that (i) f{x)^bf{x)~0 has n unequal roots, 
(h) f{x)p{x) = {f\x)Y has no roots. 

21. (i) If /(x) = x”-a,x«-® + ajX«''*-a8*«-* + ... = 0 has n 
positive unequal roots, prove that a^, Oj, ag, ... are all positive. 

(ii) With the same notation, if/(x) = 0 has n unequal roots, 
prove that Oj* - 2a, >0 and a,® - 2 aj 03 + 20 ^ >0. 

22. If J{x) = x” -I- , -1- a„ = 0 has n roots, prove tlmt 
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23< Prove that if /(a:) is a polynomial, the equation 
f{x) + af{x) = 0 

has at least as many roots as f{x) = 0. 

Prove also that /(*) + kaf'{x) + Q) a‘p{x) + • ■ ■ + Q) aV*(*) = 0 
has at least as many roots as f{x) = 0, 


24. If Jix} = {x~a^){x-a^),,,{x-a^) where a^<a^< ...ca^, 
prove that /'(a:) =/(a;) 21 /( 2 ;-a^) and deduce that (i) the root of 
/ (a?) ~ 0, which lies between Oj and a^, also lies between 

ai+(a, -ai)/n and Kcti + a,), 

(ii) the root of/"(x) = 0, which lies between and also lies 
between - a^)ln and - a^ifn. 

25. If ^{x) is the quotient and t(x) the remainder when the 
polynomial f{x) is divided by f'(x) and if the roots of f{x) = 0 are 
unequal, prove that the roots of q{x)r{x) = 0 separate the roots 
of/(a;) = 0. 

Use this result to show that a;*- 8a;® - 16a: + 16 = 0 has no 
negat've roots and to find the positions of the positive roots. 


26. If f{x) = {x-xi){x-cti) .,.{x~ 

function /j (a;) is - 2 f{x) 

n® (®-ai)(a;-aj) 


a„), prove that the Sturm’s 
the a’s being unequal. 


27. If/(x) = (x - ixYg{x) where g{x) is a polynomial and gf(a) ^ 0, 
the signs of f{x) and its successive derivatives 

r~'{x) 

alternate for x = ct-€, and are all the same as the sign of /’’(a) 
for a; = a -i- f , if e is sufficiently small and positive. 

28. [Fourier's Theorem] lff{x) is a polynomial of degree n and 

denotes its rth derivative, and if tj(^) denotes the number 
of variations in the signs of the series /(a:), ... 
prove that the number of roots of /(a:) = 0 between x = a, a: = jS, 
(a<^), is not greater than vi<x.)-v{^) and has the same parity. 
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Symmetric Functions of the Roots in Complex Algebra. 

In complex algebra, the equation 

/(a;) = 053 ;'^ + + . . . + cin^iX + = 0 (Oo 9^= 0 ) 

has n roots, and it was proved on p. 164 that the roots aj,*,, 
satisfy the relations 

^i=-aJao ... Sr=('DV«»-* 

where Xr ^ products of the roots taken r at a time. 

Example, 7. If a, y, . . . are the n'roots of 

+ ... + = 0 

find the values of (i) (h) (hi) (iv) Sa^ ”* 

(i) 22«^ = a,*-2a,. 

(ii) In the product (2ot)(2ci^) the term otjSy occurs three times : 

as a . /3y, . y«, y . a/S, and so 

(Sa)(2«)8)=2cc»i3 + 32:a;?y, 

Sa^jS - ( " Oi)(«,) - 3( - oj - 2a, - 0 , 0 ,. 

(iii) - f ^ , are the roots (see p, 160) of the equation 

« P 

+ +Oi 2 : + l = 0 (o„^ 0 ) 

i.e. of x^ + + ...+“ 0 ; + — = 0 ; 

from (i) = 

(iv) (£«)( 2 r“) = 2 «/!-’ + 2 «-' 

from (iii) 2 «j 8 ^ = - ai(aft-i* “ 2 anCf„_j)/a„* + 

= ( 2 ajO„^jCf„ - a, + 

Example 8, If a, jS, y are the roots of a:* + a^x* + a^x + a, = 0, 
find the value of 

In the product (ra®iS)(Xa^)* «®j 8 y occurs as a'^.ay and as 
a'y.a^; also a^*y* ocouTS as jS^y. ay and 88 )?y*.aj3; 

/. (2a*jS) (S«iS) - 2«*i3* + 2V«3^y + 22a^V’ 

.'. 2 a®jS*~( 2 «*jS)(S«j 8 )- 2 a^y(Xa*hS^y) 
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using the results of Example 7 (i) and (ii) 

= (3aj - aiO,)a, - 2( - a,) (a,* - a,) 

s=ffjaj 


Weight and Order. An advantage of the sufiii notation for 
the coefficients in the general equation 

+ a,a:"“*+ ... 4-On = 0 

is that the suffix shows the degree in all the roots of the coefficient. 
For example a^ — and this is a symmetric function of 

degree 3 in all the roots. 

Hence if a rational integral symmetric function of the roots is 
expressed in terms of the coefficients, the sum of the suffixes of 
each term is equal to the degree of the symmetric function. This 
sum is called the weight of the fimction. 

In Example = + The weight of this 

function is 5. It is the degree of each term of is the 

sum of the suffixes of each term on the right. 

A consideration of the weight provides a quick check on the 
accuracy of a result. Another such check arises as follows ; each 
coefficient when expressed in terms of the roots contains each 
root to the first degree or not at all ; therefore no term in the 
function of coefficients can be of greater degree than the highest 
power to which any root occurs in the corresponding symmetric 
function of roots. This highest power is called the order of the 
function. 

In Example 8, the order of is 3, and the degrees of 
a,a„ OiOj*, are 2, 3, 3. Since is of order 3 there 

cannot be a term like because this is of degree 4, although 
it is of the sariie weight as 

These principles are not merely useful as checks but may be 
used to obtain the expression for a symmetric function in terms 
of the coefficients. 
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Example 9. If a, /S, y, § are the roots of 

+ 4ai a?’ + 6a, a?* + 40, a; + a^ = 0, 
express the function 

- y)'(« - 5)> + (y - «)>{j3 - 8)> + (. - |3)>(y - 8)* 
in terms of a^, a,, o,, a^. 

The function is of weight 4 and order 2 and is therefore of the 
form Aa^a, -t- /io,* + va^ where A, p, v are numerical constants, 

From the equation (a; + 1)* = 0 for which 

^ a- jS=y=S=-l, A4-ft + »'~0. 

From the equation a:^ - a;* = 0 for which 

<»i = ® 3=®4 = 0y a,= “i and «=^=:0, y=l, 8=-l, /it = 72. 

Similarly from the equation (a:* - 1)* = 0, + r = 32, 

Hence y = 2i, A= - 96, and the function is 
24 (a^ - 4ajag + 3aj*). 

Note. It is assumed that the function can be expressed in 
terms of the coefficients. This is proved for the general symmetric 
function on p. 304. 

Example 10. If «, j8, y are the roots of a:® + 3Ha: + O' == 0, form 
the equation whose roots are (/3 - y)*, {y - a)“, {a - ^3)®, and 
evaluate (jS- y)*(y- a)*(a- 

Put y = (jS-y)*=(j3+y)®-4^y = a> + 4(?/a since « + iS+y=0 
and ajSy=: -(?. 

Thus a 2 / = a'> + 4(?. But a*+3Ha + t?=0 

«y=-3Ka + 3(?, a = 3Gf/{y + 3H) 

27{?»/{y + 3H)« + 9GfH/(y + 3H) + (? = 0. 

Thus (jS - y)* and similarly (y - a)*, (a - j8)* are the roots of 
27G> + 9GH(2/ + 3H)> + <7(2^ + 3H)® = 0 
which reduces to 

y* + 18Hy* + 81H®y + 27{t7* + 4H») = 0. 

Hence (|8- y)*(y -«)*{«- i3)*= - 27 (G® + 4H*). 
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Example 11, If a, j8, y are the roots of JC*+j)a;4 g — O, form 
the equation whose roots are a*, jS®, y*. 

Put y — a^. Then +py^^^=. - q. 

To rationalise this equation we use the identity 

(a + 6)® = a* + 6' + 5 (a‘6 + ah^) + 10 + a^b^) 

= a® + 6® + 5a6(a + 6)(a* -ab + b^) + 10a®6*(a + 6) 

=a® + &® + 5a6(a +&){«*+ 6(a + &)}. 

Tlius “ ?* = y^+p^y + - g) 

= y®+^?®2/ - Sjojy* + 

Therefore a®, jS®, y® are the roots of the cubic 

y^- $pqy^+p^{p' + 6q^)y + q^-0. 


EXERCISE XIIIc 

[Throughout this exercise the a^jfc&ra is complex] 

A 

1 . If a, /S, y are the roots of a;* +pi? + ? = 0, form the equations 
whose roots are 

(i)j3+y-2a, y + a-2^, a+^-2y, 

(ii) l/jg+I/y, 1/y + l/a, l/«+l/^. 

2. If ccf jS, y are the roots of x^ + + a^x + a^ - 0, find the 

values of (i) (ii) y)® 

3. If a, jS, y, S are the roots of x* + a^x^ + a^x'i-a^x-\-a^ = 0, 

find the values of (i) (h) 

4. If a, y, ... are the n roots of x” + aja:”"®+.,. + fl„ = 0, 
find the values of (i) X{““ /S)®, (ii) (iii) 

5. If jS, y, 8 are the roots of 

X* + ia^z^ + Gojo;® + ia^x + a^ = 0, 
find the value of 2{(u - j8)®(y* + yS + 8®)} 

B 

6. If a, jS, y ’are the roots of a;* + aja;* + aj:E + aj = 0, find the 

values of (i);(j3+y)(y + «){« + ie), iii)Xi^-y)\ (in) 

7. If a,‘j8, y, . . . are the n roots of a;” + ~ 0, find 

the values of (i) Va*)Sy, (ii) 2“*^** 
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8. Jf a, y are the roots of a;* + a,a;* + o,a: + a, = 0, form the 
equation whose roots are ^ + y, y + a, a + 

9. If a, j?, y are the roots of x^+px + q=i 0, form the equation 
whose roots are + y®, y® + a®, a® + 

1 0. If a, y, S are the roots of x*‘ + 4a^a?® + 6a^ r® + = 0, 
find the value of (/S + y - a - 3)(y+ a - ^3- 8){oc + ^- y- 8). 

0 

11. If a, jS, y are the roots of a:* + aia:® + a,x + a3 = 0, find the 
value of (2a- jS- y)(2^- y-a)(2y- a~^j9). 

12. If IX, jS, y are the roots of r® + pa: + g = 0, form the equations 
whose roots are 

(i) /6/y + y/j8, y/a+a/y, a/jS + jS/a; (ii) ^/y, y/j3, y/a, ajy, aj^, j5/a, 

13. If a, y, 5 are the roots of ^‘ + 0^3;® +aja:* + Osa: + rt, = 0, 

find the value of (jSy + aS){ya + j3S)(ajS -f yS) and form the equation 
whose roots are ^y + aS, ya + a^+ yS, 

14. If a, jj, y, . , . are the n roots of 3:” + + . . . + - 0, find 

tlie value of 2a*iS^y* 

15. If a, /S, y are the roots of x* + a^z' + a^z + a^~0, form the 
equations whose roots aro 

(i) a*-^y, ^^-ycL, y®-^^, 

(ii) ^® + y®-a*, y* + a»-^®, a" + ^®~y*. 

16. If a, /?, y, 8 are the roots of x* +40^3:* + fiajZ® + 4a, x + a, = 0, 
find tlie values of 

(i) + h)\ (ii) (a + 1?)(« + y}{« + + y)(^+ 8)(y + 8). 


Newton's Formula for Sums of Powers of Koots. 

Let «!, a be the roots of the equation 

3:" + aja:"“®+a,a:""*+ ... + a^ = 0. 

Denote «/ + «/ + ... + «/ by and for convenience suppose 
that0 = a„+i = o„+,-... 

Then by logarithmic differentiation of 

^(y) = I+aiy + o,i/*+...+a„S/''=(l-aiy)(l-a,J/)...(l-a„y) 
My) ^l-ay \ " 1-ayJ 


^-(s,+>,y + ... + s,yP-’) - y^XiaP+'Kl - ay)} 



303 


Till] THEORY OF EQUATIONS 

Thus f{y) + {8^+s^y + ..,■^- 8j,y^-^) <f> (y) 

Therefore the coefficient of y^ in 

a, + 2a,y + ... + + 

(»i + 8, 2/ + . . - + ( 1 + t/ + a j 7/H . . . + 

is zero for r= 0, 1, 2, , p~ 1. Thxis 

8^ + - 0 
s, + 8i<2i + 2aj = 0 
8, + 5ja, + 8ia-2^3a, = 0 

Sr + 8^ _1 + 8^.. 5 + . . . + + ra, = 0. 

and as p may be an integer as large as we please, this result is 
true for all values of r taking into account the convention 

It is called Newton* s formula for the powers of the roots. 

Newton’s equations give in succession the values of Sj, 8j, ... , 

in terms of tlie coefficients, and show that is an integral function 
of a^, a,, ... , Of. 

To find Sj. directly, a determinant may be used to eliminate 
flj, ... , See p. 180. For example from the first three 


equations 

8, + SOj 

0, a, 

— 0, thus 8,= 

Sflj 

0, at 


2ua 

U3 1 

i 

2O3 

a, 1 


a-i 

1 0 

1 


1 0 


Also the value of + «,“' + ... + can be found from the 
equation a„a;" + + ...+aiir+l=:0 whose roots are 



Example 12. K « + /I + y + S = 0, prove that 
i{a* + + y* + 8‘) - I(a‘ + ^3=“ + y> + 8“J x + y* + 3^). 

The equation whose roots are «, J?, y, 8 is of the form 

. X*- + Oja;* + fflja: + = 0. 

From Newton’s equations since 5^ = 0 and 0 ^ = 0, 

. #, + 2^2 = 0 83 + Soj = 0 8| + 83^2 + SjOg = 0 

S,~ - Sji ” a^j) “ 8 j{ “ y^j) = 1828 ,. 
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From Newton’s equations may be deduced the important 
theorem j 

Every rational symmetric function of the roots of an algebraic 
equation can he expressed rationally in terms of the coefficients. 

This was assumed in Example 9, p. 300. 

It is sufficient to consider since any rational 

symmetric function can be expressed as a fraction whose 
numerator and denominator are sums of terms of this typo. 

For the double function ip^if 

Next for the triple function Pf ^ being all unequal, 

and so the triple function can bo expressed in terms of and 
double functions. 

Similarly a quadruple function can be derived from triple 
functions, and so on. The general result then follows by induction. 

Certain modifications are necessary in these formulae if the 
indices are not all unequal. For example 

+ thus 

Similarly the formula 

which may be deduced from the identity given above where 
p, q, r are all unequal, is replaced by 

Six*’j8*’/ = (V®r - - 8,^3r + 28^p+r)l^^^ 

and = (V ' 

and so on. 

Newton’s equations also give in succession the valuers of 

Up a^, a in terms of ap s^, S 3 , ... and show th^at a, is a 

rational integral function of Sp s^, ... , a,. 
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Hence, regarding the coefficients as functions of s^, ... 

~=0 if;><r 

because a, does not involve if ^ < r. And from the equation 

by partial differentiation with respect to Sj. 

. da. - Car 1 

l + r^ = 0, 

Cs, osr r 

Similarly from the next equation, 


but a, = - Oi and . . -r— = - — * 

^ dSj. r cSf r 

And it is easy to prove by induction (see Exercise Xllld, No. 12] 

that 

Csr 


r). 


Example U. If a, j5, y, ... are the n roots of 
ai^ + + ... + «„ = 0 (n>6) 

find the value of 

Sa’jS* is of order 3 and weight 6. Hence by using the result of 
Example 8, p. 298, for x'^~^{x^ + a^x^ + a^x + a 3 ) = 0, 

2a*j3® = a ,03 - aia.* + 2 uj *03 + Aa^a* + ;iO,. 

From p. 304, 

Differentiate in turn partially with respect to s^, s^, 

and 0 = Aai( -i) + - *) = 0, A--;i=~5* 

2«®i3* = fl ,03 -Oida® + 2aj*a, - 6a^a^ + 5a^. 


EXERCISE Xmd 

{Throughout this exercise the algebra is complex and denotes the sum of 
the fih powers of the roots of the given equation] 

A 

1. Form the cubic for which 5i = 3, «a = 5, «, = 7 and prove 
that 5^=9, 

2. For the equation a:* + + r = 0, prove that 

(i) a^ - ~ 3r, (ii) = Sqr, (iii) = 2^* - Sgr^, (iv) Osj = 53^9^ 
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3. If (a; + aj){a; + o,) ... + + prove 

that »i*-f a,*+ ... + o„*= 3 ?i®- 3 /?iJ3j + Sjo, 

4. If + b^+c^ + and if = Aj - 0, prove that 

5. For the equation + ... +a^ = 0, prove that 

(i) Ug — “ Ssg -«!*) 

(ii) s^ = a^*~ 4a,®aj + 2«j* + la^a, - 4a^ 

B 

6. For the equation a;* - 3a:* + 4 = 0, prove that 5^ = 33, 

7. For the equation a:*-a:* + 2a:®-a:*-a:“ 1 = 0, prove that 

fi4 = 9. 

8. For the equation + a^x* + a^ — 0, prove that 3^ = 4/i^ay-i- a^*. 

9. If Sf. = a’' + b^ + and if = 0, prove that 8^ = 

C 

In Nos. 10*14, <x, ^,Yp ... are the roots of a:” + Oia:"'* + . . . 4- a„ = 0, 

10. Express 2(a + jS - y)* in terms of the coefficients. 

11. Prove that 

2 (a: - (i)^^nx^ -pa Sja:**'*- ... + ( ^ 

aiul deduce that 2{a - — - is^s^ + 3s,*. 

Find a similar expression for - ^)** 

12. Assuming the formula for A: = l, 2, , ®- 1, 

dSf r 

prove that it is also true for A:=p by differentiating Newton’s 
formula for and using the formula for a^. 

13. Prove that 2«“i8*y* = J(«,*'-353a, + 2«,) and use this result 
to express 2a*/S*y* in terms of the coefficients. 

14. Express 2(« “ ^)* in terms of the coefficients (see No. 11 and 
Example 13), 

15. If fix) ^(x- (x^){x - . (a; - «,j) where a.^, are 

all unequal, prove that 

II 

(i) 2ar’”//^(“r) = 0 if0<m<n-l and m is integral 

(ii) the sum of the homogeneous products of k dimensions of 

the roots of/(a:)=:0 is 
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Cubic Equations. The classical method of solving a cubic 
eqtiation was mvented by Ferro and by Tartaglia, but was fn-st 
published in 1646 by Cardan who had obtained it from Tartaglia 
after giving a solemn promise not to reveal it. In spite of these 
facts, it is generally called Cardan’s method. 

The solution of the general cubic 

a, a;® + Sa^x* + Za^x + o, = 0 

may be made to depend upon that of a simpler cubic by the 
substitution + ,This gives 

where H = a„ o, - o,* ; Q = a, + 2a^*. 

We shall regard the equation as an equation of complex algebra, 
Special interest is attached to the x-aial roots because of the 
application to real algebra. In any investigation into the natutT 
of the roots it will be assumed that a,, a„ a, are x-axal numbers. 

Tartaglia’s Solution of y* + ZHy +(3=0. 

The identity (see p. 258) 

y> - Zpqy+p* + (y + + q){y + wp + io*q)iy + w*p + wg) 
shows that if p> ? are chosen so that 

■ p» + g» = G! P2= -H 

the roots of the equation are -p-g, -wp-aj*g, -cw*p-wg. 
But p*, g* are given as the roots of the quadratic equation 
0, and their cube roots p, q must then be chosen so 
that pq= -H, The roots of this quadratic are 
i{G'±s/(G^* + 4H>)}. 

If G* + 4H^ >0 p, g are x-axal and unequal. Hence the equation 
has one x-axal root, - p - g, and two conjugate roots. Thus if 
y® + 35y + (?=0 is an equation of real algebra, it has just one 
root. 

If G»+4H*=0 p-q = ^{\Q) and the roots are x-axal, two 
being equal. They are - 2p, p, p. The corresponding equation 
of real algebra has then three roots - 2p, p, p. 
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If G2+4H®<0 which implies H<0, the value of p* is of the 
form A + iB, =r cia 9, {B^O, and A - =r cis ( - 6) ; 

also pq- - H. Thus p, q may be taken to be 
(4^r)cisJ0, (^r)cis(-|0), 
where ^/( - II), and the roots are 
~p-q=i ~ 2{^r) cos 

^<op- = - {^r){cis + 1 ff) + cis ( - - f;:)} 

= -2(4/r)c03(i5 + ft.) 
and - ^oiq^ - 2(^r) cos - Itt). 

Hence the equation has three a;-axal roots, and the corresponding 
equation of real algebra has three roots. 

The Irreducible Case. When the equation has three roots in 
real algebra, these cannot be found by Tartaglia’s method 
without using complex numbers. On the other hand when 
(j*'|-4H®>0, the one root -p~q can be found in real algebra 
without the introduction of w, by using the fact that y+p + q 
is a factor of y* ~ Zpqy + + q^. In the sixteenth century the 
theory of complex numbers had not been invented and the case 
G^* + 4H^< 0 came to be known as irreducible. It can however be 
solved by De Moivre’s theorem as shown above or (without 
complex numbers) by the trigonometrical method illustrated in 
Example 16. See also Advanced Trigonometry, p. ii. 

Whether there is one root or three, the method of Horner 
explained on p. 165 is usually more convenient in numerical 
examples. 

Nature of the Boots of the General Cubic. 

Since the roots of o, a;* + ai* + Sa, a; + a, = 0 

and of y* + 3Hy + G = 0 

are connected by the relation y = a„a: + Oj, they are of the same 
nature, and this is decided by the sign of (9* + 
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Putting = it follows from p. 307 that 

A “• OaoCtiUja, + 4a,o,’ + 4a, ’o, ~ 3a,*a,“, 
and then the sign of A decides the number of rc-axal roots of 
either Equation and therefore decides the number of roots in real 
algebra. For this reason A is called the discriminant of the cubic. 

The critical case of equal roots is given by A = 0. See p. 307. 
Tliis may also be proved by means of the theorem (p, 262) that 
/(a;) = 0 haa a repeated root if f[x) and /'(x) have a common 
factor. 

If are the roots of + 3a, ■h3a^x + o,= 0, with the 

notation of Example 10, p. 300, '*,(«, ™ 0 : 3 ) = j3 - y, etc. and so 
by the result of that example, 

(a» “ a»)®(as " “ «*)*= “ 27A^a/. 

This explains from another standpoint why A = 0 is the con- 
dition for equal roots, and why A >0 if and only if two roots are 
conjugate. 

Example H, Solve - 6a;® = 2 in real algebra. 

The equation may be written 

(3.r-2)*-12(3a;-2)-34 = 0 
or if j/ = 3x - 2, y® - 12^ - 34 = 0, 

and this is the same as 

y® - Zpqy+p*+q^ ^{y+p + ?)(y* +p^ +q^-yp- yq-pg) 

ifp* + g'^= -34, pq = i. 


Thus 

p®, are - 2, 

Hence 

V^~^2 

Cut 

q = i(pz=, - 24^4 


y^+p*+q'*-yp~yq-pq-2{{y-p)*+{y~q)*+{p-q)') 

and this is never zero in real algebra since p^q. 

Therefore the equation has only one root 
y^^2+2^i 

and the given equation has only one root 
* = 1(2 + 4^2 + 24 ^ 4 ) 
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Example 15. Solve - 6a; - 4 — 0 in complex algebra. 
Tarlaglia‘8 Method. Choose pt q so that 
4, 3pi7 = 6. 

p*, q* are the roots of + 4f + 8 = 0, namely - 2± 2i, 

Hence the roots of a:’ - 6a; - 4 = 0 are 

~p~qf -cd*p-“wg', 

where p = ^{-2 + 2i), q-2jp. 

But - 2 + 2t = - 2^/2 CIS ( - Jn-), 

p = - ^/2 cis ( - q^- ^2 CIS 

and the roots arc 2^2 cos (j^w) 

.^2 {cis + cis ( - tV^r)} ~ 2^2 cos (rV n), 

v/2{cis ( - fr) + cis {Iff]) = 2^/2 cos (|ff) = - 2 
i.o. - 2, 2s/2 cos (rsWi 2^2 cos (iVt^)- 
Trigormnetrical il/e//iod. Put a; = ft cos 

then ft® cos®5 - 6ft cos d-i. 

Choose ft so that the left side is a multiple of 4 CO8®0 - 3 cos 8 
i.e. a multiple of cos 3d 

ft®:6ft = 4;3 if ft = 2^2. 

Then 16s/2cos®d- 12v/2co3d = 4, 

cos 3d = 4 cos®d - 3 cos d = |V2 = cos Itt, 

6~^7r, Iff, or xV7»'» or etc- 
«= 2^/2 cos ^ 2 ff» ” 2, or 2^2 cos ^ir 
Algebraic Method. In this special case if the factor a; + 2 is 
guessed, the equation is {x + 2) (a:* - 2a; - 2) = 0, 
and x= -2, 

EIEKCISB xnia 

[In this exercise the algebra ia complex unhsa otherwise 

A 

Solve the equations in Nos. 1-4 by Tartaglia’s method. 

1. a;*“9x + 28=:0 2. ir* + 6a?-2=:0 

3. a:®-I5.r»-33a; + 847 = 0 4 . a;» + a:*- 9;r+ 12 = 0 

5. Solve trigonometrically ic* - 27^ - 27 = 0 
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6. For what values of a, b can the equation x^-a<c—b be 
reduced to the form cos3^=c where lc|<l by the substitution 
x—k cos d ? 

7. ]?rove that the equation a:* 4- 3Hx + (? = 0 can be solved by 

expressing it in the form p{x + O*-v(a! + /i)’ = 0, where v are 
the roots of and + 

Apply this method to the equation a;* +1 8a; + 6 = 0 in real 
algebra. 

8. If a, y are the roots of = 0, prove 

tliat aj*(2a - j8 - y)(2jS - y - a)(2y - a ~ /3) = - 27f?. 

9. Show that the equtftion x^-ax = b con be solved by the 
substitution x~kch(l> if 276*>4a*>0, and by tho substitution 

= if a< 0. 

B 

Solve the equations in Nos. 10-13 by Tartaglia’s method, 

10. a;®-6a:-9 = 0 II. a:*- lS.r-75 = 0 

12. a:»^ 182 + 36 = 0 13. 22»+623+l=0 

14. Solve trigonometrically 2* + 82* - 92 - 3 = 0. 

15. If a is a root of x* = 82+ 1, prove that the other two roots 
are 2 - a*, a* - a - 2. 

16. Solve the equation 2* - 162* + 672 - 6 = 0 in real algebra by 
substituting y + 6 for 2 and reducing the equation to the form 
p{y~Q)^=Qiy-p)*- 

17. Show that if the roots of 2” + Oi.r”“^ + a32”““ + ... = 0 are 
reduced by a suitable constant, the coefficients of the second and 
third terms in the transformed equation can both be made zero 
if 2na^ = {n- l)Oj*. 

18. If a, /S, y are the roots of u,2* + 3ctj2* + ZajX + a, = 0, prove 
that 2{K« + a,)*(j3- y)*} = 18ffX** 

0 

19. Solve ( 2 *- o»- 6’)* = 27a W 

20. Provethat^(2 + ^V3) + 4'(2--^V3) = 2 

21. Prove that the equation O32* + 3aj2“ + 3a,2 + aj = 0 can be 

solved by expressing it in the form A{2-p)® + ju(2-g')® = 0, where 
p, q are the roots of {a^y + aj {a^y + a,) = y + (Zj)* ^ 

Apply this method to the equation 2® - 82* + 02 - 6 = 0 in real 
algebra. 

II, 
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22. If prove that the equation + 3aja:* + 80 , 0 ; + 03 = 0 

can be transformed by the substitution a;=y+m into the form 
y* + 3 p 2 /* + 3^j/ + pg = 0 and hence that the solution may be 
written 

(a: - m + >Jq)j{x -m~^q)-{[p- ^q)i{p + 

23. If prove that the transformation y{h-x)^a-x 

will reduce the equation + Sa^x* + 3a^x + a^- 0 to the form 

= c if a and b are the roots of 


(Oi* - + (a, o, - a^)t + a,* - Oj O 3 = 0 . 

What transformation gives this form if 0 |*=a, ? 

24. Reduce the equation x*+3aj^x*+3a^x + a, = 0 to the form 
y*±3y + m = 0 by substituting Mj + fi for x, and show how to 
solve this equation by substituting zTljz for y. Hence prove 
that the conation for equal roots is (?• + 4H® - 0 , 

25. Show that if are the roots of f{x) = 0 and if x is 

eliminated between /{a:) = 0 , /(aJ+s/y) = 0 , the roots of the result- 
ing equation, excluding zero roots, are (a^ - aj)*, (a^ - «,)*, etc. 

Use this method to find the equation whose roots are the 
squares of the differences of the roots of + 5 a; + r = 0 and deduce 
the conditions for a;® + 5 a; + r = 0 to have 

(i) a single non-repoated a;-axal root, (ii) two equal roots. 


Quartic Equations. The algebra is supposed complex, but in 
any investigation into the nature of the roots it is assumed that 
^ iT-axal numbers. 

The solution of the general quartic 

Oj »* + iOj a;* + BUj as* + 4^3 a; + O 3 = 0 

is reduced by the substitution y-a^x + a^ to the simpler quartic 
y*+my* + 4ay + K = 0 
where H = - Oj* G- 

and - Soi* 

= + 3aj*) - - a^*)» 

7 = tfaO, - 4aiO, + 3a,*. 


wliere 
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Methods of Srfution. The solution of a quartic can be reduced 
to that of a cubic, Descartes’ method depends on the dotcrmina* 
tion of p) r such that (see Exercise Xlllf, No. 7) 

“y* + + iGy + Xs - Ipy + q) {if + 2py + r). 

No general method exists for the solution of equations of 
higher degree than 4 in terms of the literal coefficients, 

Perrari’s Solution. This method like that of Descartes depends 
upon the expression of a quartic function in quadratic factors ; 
but it is easily applicable lo the general form of the equation 
and therefore saves the transformation by + 

+ 4n^x + - 0 

can be written 

{af,x* + 2aiX + Qi + 2A)^ = (2p.c + 5')* 

if A, pt q can be chosen so that 

40j> -f 2(J„(a, + 2A) - 4p^-^a^a^ 

4a^ (fZj + 2A) -4pq=^ 4n^ a, 

(aj + 2A)*-?®=«oa4. 

^"-fljA + ai* -OjOj ; pq~2ai\-\-a^a^-a^a ^ ; 

9> = (2A + a2)®-aoa,. 

Thus 

{4A* + 4a, A + a,* - o*) (a, A + a^' - a^ ) = (2a, A + a, a, - a„ Uj )». 
or 4a, A* - a^ A{a, a, - 4a, a, + 3a,*) + {a,* - a,) (a, * - a, a, ) 

-{a,a,-a,a,)* = 0, 

or 4A* - /A + J = 0, where J = «, Uj Oj • 
a, a, a, 
a, a, a. 

This cubic for A is called the redvxijig cubic of the quartic 
equation. Denoting its roots by A,, A,, A,, the corresponding 
values of p^ s (a, A 4 a^* - ao®i)*» Vv Vv Vz* **'*^<1 correspond- 
ing values of g, = (2a,A + Oiaj -nc“s)/P» ^y 
a, jS, y, 8 of a,a:<-j- 4 a,a;»-t- 6 a,a;* + 4a,a; + a, = 0 are given by the 
two quadratic equations 

. o,a;>-i-2(o, -^ 1 ) 2 :+ (a, -!-2A, -5',) = 0 
. a,a:* + 2{a,+p>+(a, + 2A, + ?,) = 0. 

It is sufficient to take any one set of values A,, Jj* 



3U ADVANCED ALGEBRA fca. 

The Roots of the reducing Cubic. 

Aj, A,, Ag can bo expressed in terms of the differences « - j?, 
a - y, ... and ill this way the nature of the roots of the quartic 
can bo investigated. 

If j3, y are the roots of the first quadratic, 

^ + y= a+ 8 = - 2 (ai + pJ/a,. 

Similarly y+ «= - 2(0.^ jS+ 5= - 2(ai+pJ/ao 
and a + j3= -2{a^-Pz)la^ y+ 8 = ~ 2 (a, +^ 3 )/^?^. 

Hence ^ - y = 2(pg - p,) /cf„ a - 8 = 2{pg + pj/a, 

y - a - 2 (pi - ) /fl, jS - ^ - 2(pi + pg) /a, 

«- ^ = 2 {p,-pi)/r 7 .g y- 3 = 2 (p,+Pj)/ao 
and (y-a}(j3- S) - (a- j3)(y - 8 ) =4(2p^» -pg> -p 3 “)/a,* 

= i{2\- 

~ \2\la^ since Aj + A, + Ag - 0, 

Thus A, = g{(y-»)(;3-S)-(a-ffl(y^5)) 

similarly ^2 y| {(« - PKy - 8) - (|5 - y)(a - 8)) 

aati \ = y^ {(^ - y)(« - 8) - (r - «)(|3 - 5)}. 

It is now possible to investigate the nature of the roots of the 
quartic. This depends as for the cubic on a disoriroinant A which 
is the product of the squared d^erencea of the roots. 

B'rom %vhat has been proved above 

(y-a)(|3-8)(«-j3)(y-S)-16(p,*-Pg*)(p,*-p,*)KS 
;. («-/J)(ct-y)(S-^)( 8 -y) = 16(Ai-A3)(A,-A3)K* (seep. 313} 
and by multiplication of three such results 

(a-^)*(^-y)*(y-a)*(a- S)*(y- 5)» 

= 16»{A3-A3)U-Ay)*(A,-Ag)X‘ 
which by Example 10, p. 300, == - 10^ 27 { (i/)* + 4( - f, mja,* 
=t2r>6{i*- 27 J »)/«(,“. 

Put P-27J*=A 

Then ag‘(a~p)HP“Y)®(Y-a)'<o-'5)'((i-*-6)HY'-6)*=256A 
where A is called the dweriminaTrf of the quartic. 

For an alternative method of evaluating the product of squared 
di0erences of the roots, see Exercise Xlllf, No. 8. 
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Nature of the Roots of the Quartic. 

The roots of the general quartic are of the same nature as those 
of the quartic t/* + 6Hi/’ + 4(?y + - 3H*) - 0 given by the 

substitrltion y — a^x + Oj. 

The necessary and sufficient condition for the roots to be all 
unequal is A 0. It also follows from tlie formula for A that 

(i) if there are 4 unequal x-axal roots^ A >0, 

(ii) if there are 2 unequal x-axal roots and 2 conjugate roots 
{p ±gif tlien A<0, ^ 

(iii) if there are 2 pairs of conjugate roots, thon A >0. 

It remains to distinguish between (i) and (iii), and to discuss tire 
cases arising when A= 0. 

If G = 0, the quartic is a quadratic in y*, and the reader will find 
no difficulty in inveetigating this special case. See Exercise XIIIl', 
No. 10. In what follows wo therefore assume that G ^ 0. 

The elimination of A between 

4A*- JA + «/ = 0 fi=p* = ajA“£f 
gives a cubic in (i whose roots are pj*. Tliis cubic is 

ny - a/i{ii+ H) +OjV=o 

or 4/i* + 1 + ( 1 2H* ^ + 4/f - a^lH + a, V - 0 

and is called Euler*$ Cubic. 

It may be verified by direct multiplication or proved by the 
method of Exercise Xlllf, No. 26, that + = -a^J). 

Hence Euler's cubic may be written 

4/i» + 12H/A* + (12H* - a*I]ti - = 0. 

Assuming that G^ifcO, py, p,*, and p,* are all diSerent from 
zero. Then from relations like 4pj = OoU/® + v) ” (« + ®)) follows 
that if a> Yf 8 are all x-axal (case i) py, Pj*, p,* are all 
positive, but if «, y, S are 2 pairs of conjugates (ease iii) one 
of Pj*, p,*, Pj> is positive and the other two are negative. 

Descartes’ rule of signs applied to Euler’s cubic shows that there 
are 3 positive roofs only if Zf<0 and 12H*-a5*/>0. Hence if 
A>0, the quartic has 4 unequal x*axal roots if H<0 and 

I2hf * - > 0 and otherwise has two pairs of conjugate roots. 
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Equal Roots. If A — 0, there are at least two roots equal, and 
assuming there can only be exactly two or exactly three 
equal roots. For if there were four, since the sum of the roots is 
zero, each would be zero and hence Q — 0. Also if there^are two 
pairs of equal roots, they must be of the form a, a, a, -a and 
again 0=0. 

(iv) If only two roots are equal, say « = j8, these must be a?-axal 

and the relations on p. 314 show that Aj = A,= Hence 

J Of and from A = 0, / 0. 

As before, the other roots are :r-S)xal if Euler’s cubic has 3 
positive roots, that is if H< 0 and 12H* >a„*/ ; otherwise those 
remaining roots are conjugato, 

(v) If exactly three roots are equal, they must be x-axal, and 
there must be a fourth ar-axal root. Also Ai=A,=A,=0. Thus 
I = J = 0 ; these conditions imply A = 0. 

Since all the possible systems of roots have been considered and 
the conditions are mutually exclusive, the converse statements are 
also true. 

The roots of the original quartic for se are of the same nature as 
those of the quartic for y. 

Reciprocal Equations. An equation which is unaltered when 
sc is replaced by 1/a: is called a redproccU equation. 

If + Oja;”''' + . . . + a„_j a: + £i„ = 0 is reciprocal, it is equivalent 
to 

+ . . . + o^a: + = 0, 

. Oq^ ar 

and so either (i) = (f = 0, 1, 2 n) 

or (ii) a,.:= (r = 0, 1, 2, ... ,n). 

(i) If the equation is of odd degree, it is satisfied by 

x= - I ; and when the factor a: + 1 is removed, there remains a 
reciprocal equation of even degree of the form 

+ 1) + + a?) + ... + a„a:"» = 0.' 
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This may be written 

+ (*+;) + '>,,,= 0 . 

and thfe substitution of y for a; 4- 1 /a: reduces it to an equation of 
degree m in y. 

If the equation is of even degree, the same substitution is used 
without the removal of a factor. 

(ii) a^= — If the equation is of odd degree, it is satisfied 
by z = l; and when the factor x - 1 is removed there remains a 
reciprocal equation of even degree of type (i), 

If the equation is of even degree, it is satisfied by x= 1, x = ~ 1 ; 
and when the factor x* - 1 is removed there remains a reciprocal 
equation of even degree of type (i). 

Example 16. Solve 12x® - 8x* - 45x® + 45.i;= + 8x - 1 2 0 
Dividing by x- 1, 

12x* + 4x*“ 41x* + 4x+ 12 = 0, 

12(x*+I/x*) + 4(x+I/x)-41 = 0 

or 12(y*- 2) + 4t/- 41 = 0 where y = x + 1 /x. 

Hence y - 13/6 or - 6/2, 

and a; = f, f, -2, orl, 

A more general type can be solved by the substitution 
y^kx + \(z. See Exercise Xlllf, No. 6. 


EXERCISB Xmf 

[Throughout this exercise the algebra is complex] 

A 

Solve by Eerrari’s method the equations in Nos. 1, 2, 

1. x*-i2x~5 = 0 2. x‘ + 4x*- llx- 4 = 0 
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Solve the reciprocal equations in Nos. 3, 4. 

3. x*-10a>^ + 2Qx*-l0x+l=i0 

4. Zx‘ + x^-2’lx^-\-27x^-x-3^0 

5. If a^d — c*, prove that the product of two of the roois of 

a;* + Ga::® + 6a;* + cx + (Z = 0 equals the product of the other two, 
Hcnco solve x* - 2x^ - + 6^! h 9 = 0 

6. If a : «==:6’ : d®, prove that the equation 

oa;* + 6.T* + cx^ -^dx + e — O 

can be solved by a substitution of the form kx + 1/a: = y. 

7. [Descartes' method,] If 

1 /* + QHy* + iGy + I~ ZFD ^ (y* - 2py + q) (y* + 2py + r), 
prove that p* + is a root of 4A* - /A + J = 0, where 

and that q, r are the roots of i* - 2(2A + H)i + / - 3f7* = 0. 

8. Prove that if the product of the squared differences of the 
roots of i/‘ + 6Hy^ + 4Gy + / - 3H* = 0 is expressed in terms of the 
coefficients, G can only enter in even powers. Hencf) show by 
considerations of weight and order that tlie expression is of the 
form IP + m.P, and deduce its value by considering (say) the 
equations y* - Qy^ = 0, y* - \ = 0. 

9. Examine the nature of the roots of y* + iGy + 1 = 0* 

10. For the general quartic, prove that if 0^ = 0, 

ao«A = (a,*/ - 12H*)2(a„*7 - 3H»), 

and that 

(i) if l2/i*<ap*7, there are two pairs of unequal conjugate 

roots, 

(ii) if I2i7*=:(ij*7, there are two pairs of equal roots which are 

conjugate if 7f >0, a:-axal if 7f < 0, (all equal if 7f = 0), 

(iii) if 377*<a5*7< 127?*, there are four unequal roots which are 

conjugate pairs if if >0 and a:-axai if £f< 0, 

(iv) if 3H* = 05 * 7 ^ 0 , there are two equal a;-axal roots and two 

other roots which are conjugate or aj-axal according as 
if > or < 0, 

(v) if 3H* >o,*7, there am two unequal a:-axal roots and two 

conjugate roots. 

Under which headings are the cases H = 0, 7 0 and if ^ 0, 7 = 0 
included T 
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B 

Solve by Ferrari’s method the equations in Noa. 11, 12. 

11. l&cH 1G3;-3=0 12. a;* + - 6.r* + 20a; + 8 - 0 

Sol\^ the reciprocal equations in Nos. 13, U. 

13. 2x^-l5x*-\^Z1x»-^1xHl5x-2 = Q 14. a:»-l = 0 

15. Form the equation whoso roots exceed by unity those of 

lx* + 2a;* + lOx + 4 0. Hence find x. 

16. Find the condition that the sum of two roots of the equation 

a;* + + nx + p = 0 may be equal to the product of the other two. 

If this condition holds, j^how that the substitution y + I jx, 
reduces the equation to one in which the sum of two roots is zero. 

17. Show how to transform + 2aa;® + 46a;* + 8aa:+ 16 = 0, so 
that it becomes a reciprocal equation, 

18. Examine the nature of the roots of 

yH6Hy> + 4(7y-'3//* = 0. 

C 

19. Solve 4(a;2 - a; + 1}* - 27a;*(a: - 1)* = 0. 

20. Express 4a;* + 10a; + 13 and a;* - 8.r - 2 simultaneously in tlie 
form A[x- a)* + B{x ~ where a, ^ are the same for both. 

21. Solve the equation a;®- 5a;®+ 6a:+ 1 =0 by the substitution 
x^k cos d. 

In Nos. 22-25, a, |S, y, S are the roots of the quartio 

aj.r* + 4aia;* + fiOj®*!- 4njX-f 0^ = 0, 

22. If A is a root of the reducing cubic, prove that 

O’ni^y + aS) = 4A -f 2aj. 

Hence find the equation whose roots are jSy + aS, ya-f aj? + yS. 

23. Find the relation between «, jS, y, 8 if a root of the i-educing 
cubic 4A'‘-iA+ is (i) H/a„ (ii) ^(1/12). 

24. Prove that - y)“(y - «)*{« - jS)*) = 192(3a4J - 27//}, 

25. Provethata„<2{(«-i3)<(y-8)*}=-96(3a„J4-47//), 

26. Deduce from the product of the roots of the reducing cubic 

that J/Qj* is a function of degree 6 of the differences between the 
roots of -V BajCC* + 4a3a; + = 0, and show that the same 

function of the differences between the roots of the quartic in y 
obtained by the substitution y = a^x -f- Oi is 

10 H . 

OH Q 

H 0 «(,*/- 3H* 

Deduce that the value of this determinant is 



320 


ADVANCED ALGEBRA 


[CH« 


HISOBLLAKEOUS EXAS1PLE3 


EXERCISE Xing 

[/n this exercise th^ algebra is complex unless oth&noise stated or' implied] 

A 


1. Find the conditions for the roots a, y of 
to be in (i) a.p., (ii) g.p. 

If the roots are not in A.P. and if a + A, /J + A, y + A are in a.p., 
prove that A is given by a cubic equatii^n. 


, It a, 0 , c are positive 

1 I 




d 

+ -—7 1 1 1 = 

x~o x-c X 


has 4 roots in real algebra. 

3. If a, jS are the roots of + fea; + c = 0 and y, S the roots of 
+ (& + g):r + c + r= 0, express (a - y)(a - 5)(/S - y)(/i- 8) in terms 
of &, c, q, r. 


4. If « = a;* + 2ga: + r and t=a;* + c, and if 5 + At = 0 has equal 
roots in x and the two values of A are equal, prove that in real 
algebra (i) if oO, s = (ii) if c< 0, 5 and t have a common factor. 

5. If the equation x^ + + . . . + o„ = 0 has n roots in real 

algebra, prove that (ft - l)a,*>2n{Zj. 


6. If a, jS, y are the roots of + 3a^a;* + SOj, a; + = 0, find the 

values of (i) and (ii) 


7. If at, y, 8 are the roots of + ia^ x^ + 6a^x' + ia^x-^a^~ 0, 
prove that 2(« - /5)* = 48(aj* - Oj) and d^uce that 
2«*i8’(y-S)* = 48(a,»-a,a,). 


8. Find the condition that Sa;* + Apx^ + g = 0 has no roots in 
real algebra. 

9. If g(g' + r*)<0, prove that a?'- 7ga;^ + 21g*a: + 15r=0 has 
only one x-axal root. Is this a necessary condition ? 


10. Use Sturm's theorem to find the number and signs of the 
roots of 2a;® - 4x* - 2x + 5 = 0 in real algebra. 


11. Prove that, if m(»i.- l)q?^:0, the equation a:‘ + 2a:®=: Invx^^m 
has exactly 2 roote in real algebra. 

12, If ax-\- ey-\-hz=p^ C 2 ? + &y + 02 = g, 6a; + ay + C5: = r, prove that 
S(a* - irIKic* ~ yz) - tip* - qr). 
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13. Show that the equation - bx* + caj + c? = 0 in real algebra 

can be solved by the substitution if 6* = 6ac and 

0<o/&<4c*/(126d*). 

14. If ^ 1 , /Sj are successive unrepeated roots of/'(a:)=:0 

in real algebra, where f{x) is a polynomial such that J{x) = 0 has a 
root between jg, and between prove that it also has a 

root between jj,. 

15. If a, y, . . . are the roots of -j- Oj + , , . + o„ = 0, prove 

that (i) 4 aj 05 + Oog 

(ii) Sa^jSy -i- 2a^a^ - - ScZj 

16. If a, j3, y, 5 are the roots of the general quartic and Aj, Aj 
of its reducing cubic, prove that (i3+y)(a+S) = 4(ag-AJK, and 
deduce that 2{j3 + y)* ( a + 5)* = 8 ( 6a,* + 1) /a,» 


B 

17. Find the condition for the roots of ox* + 2bx + c = 0 to exceed 
those of j)x* + 2qx + r = 0 by equal amounts. 

18. Find the number and signs of the roots of 2x* ~ 8x® - 1 = 0 
in real algebra. 

19. If ax* + 36a;* + Sea; + d = 0 has exactly two equal roots, prove 
that they are equal to - 2 -( 6 c - 6 Ki}/(ac ~ 6 *), 


20. Provo that if a< 6 < c, the equation 


1 + aa; 1 + 6 a; 
x-a x~b 


1 + ca; , - 

H 1- d=0 

x-c 


in real algebra has three roots, and find their positions. 


21. Solve by Tartaglia’e method, a:*- 15a; + 30 = 0. 


Use Sturm’s theorem to find the number and signs of the roots 
of the equations in Nos. 22, 23, in real algebra : 

22. a;* -a; +16 = 0 23. a;* + 4a:* + 7a:* + 6 a: - 4 = 0 


24. Prove that the equation (a!-a)*(a;“ 6 )* + A = 0, A?^0, has 
2, 1, or no roots in real algebra according as 64A < , =, >{a ~ 6 )*. 

25. If a, j8, y, S are the roots ofa:* + 4a, a;*+6fl,a:* + 4aja: + ag = 0, 

find the values of (i) 2 («- j5)*» (iO (hi) Xa^{y+ S)*. 

26. Find' the condition that x*-+px^ + qx* + rx + s-0 should 
have t'wo roots whose sum is zero, and show how to solve the 
equation if this condition is satisfied. 
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C 

27. If «, y are the roots of x{x*- 9) = /:(a:’- 1), express j3, y 
as rational functions of a. 

28. Prove that the sum of the powers of the roots of I lie 

equation, a:” + a;”"Vl! + a7”“V2! + + l/n!=:0, is zero if 

l<r<n+ 1. 

29. Prove that in real algebra a;® + Sctr* + + 6 = 0 has exactly 

one root if 4a® + 6* >0 and has C roots if 4a® + 6* < 0 

30. Prove that in real algebra x® + ic*'=Aa;+ 1 has three roots if 
A > 1 and only one root if A< 1. 

31. If w=aa:*+ 26a; + c, v=pa:*+ 29 X + r and «, v are co-prirae, 
and if a, are the roots of {^y-¥h){qy + r) = {'py-\-q){hy + c), prove 
that A, By Gy D can be found independent of x such tliat 

tt = A (a? - a)* + B{x - J8)^ v^C{x- «)» + D{x - ^3)*. 

32. Prove that the equation 

a;” + na:^“^ + |n(rt- I)a;"~* + a3a3”“* + ... + = 0 

has not more tlian n - 2 roots in real algebra. 

33. If n and p are odd positive integers and n>p, prove that 
in real algebra a;’® + aE® + 6 = 0 has exactly one root if a>0 ami 
has exactly three roots if (pa/n)’* + {7i6/(n-jt))}”“^<0. 

34. \^J{x) = a^{x-ci^)[x - a,) ... (a: - a„) where ap a^, are all 

unequal, and if . . . , are the roots of J’{x) = 0, prove that 

35. If a, |6, y, , , , are the roots of x^ + + . . . + a„ = 0, prove 

that 2a*j3V“S* = a/- 2oja, + 2aja, - 2aja, + 2a, 

36. If j{x) = + o, a:"~* + . . . + c„ = 0 has k unequal positive 

roots (real algebra) prove that + c/(a:) = 0 has at least A; - 1 
imequal positive roots, 

37. If J{x) = a;" + Oj a;"~^ + . . . + a„ =s 0 has n unequal roots in real 
algebra, prove that xf'[x) + (a: + c“)/(x) = 0 has n + 1 roots. 

38. If a, jS, y, S are the roots of the general quartic, prove that 

(0 2(^ - y)*(y ~ + jS)*{y ~ = 

(ii) 2(i5 + y - a - - y)*(« - S)* = 192{3a., J - 2H/)/a/ 
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39. = a:” + ttj x”"! + . + a„, find the condition that it may 

be possible to choose &, c so that the coefficients of in 

{x - b){x ~ c)f{x) are both zero. 

Hence prove that if/(x)==0 has n roots in real algebra, 

(^r^r+s ■“ ^(^r+i*“^^r®f+2)(^r+i* " ^r+i®f+s)’ 

40. lif{x), y(x) are polynomials in real algebra such that 

f{x) ^{x- aj{x - aj) ... (x - a„)3{x) 

where a^, , a„ are unequal, prove that g{x)^ where 

t lies between the greatest and least of aj, a,, ... , a,i, *• 



CHAPTER XrV 
SEQUENCES 


Sequences. If is a one -valued function of n which is defined 

for all positive integral values of rt, its values 

# 

•• • » 

are said to form a sequeTice (s„). 

Even if is undefined for a finite number of positive integral 
values of n, (5„) is still called a sequence. 

Convergent Sequences. A sequence (a„) is called converffeni and 
is said to have limit I if Urn SJ^ = l, and, in accordance with the 

n-^oo 

definition on p. 55, this means that when an arbitrary positive 
number e is given, there always exists a number m (which usually 
depends upon t) such that | - i j < e for every integral value of n 

that is greater than m. 

The sequence is also said to converge to the limU 1. 

We proceed to illustrate by examples the various ways in which 
a sequence may converge or fail to converge. There are two useful 
geometrical representations of a sequence : each term may be 
represented by 

(а) a point x — b^ on an a:-axis, 

(б) a point with cartesian coordinates (n, «„), 

_ n~ 1 

^ 2n 

This defines the sequence 0, f, rf> • 

If € is a given positive number, Is -||= =-^ and this 

I 2n\ 2n 

is less than c for all values of n greater than l/(2€). 

Therefore (s„) is convergent and its limit is 
824 
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No member of the sequence is equal to The limit of a 
sequence may or may not be a term of the sequence. 

In this example the least value of the number m in the definition 
is a funbtion of e which can be calculated for any given value of f. 
It is not usually possible to find a value of m that will serve for all 
values of e. 

In the representation (a) on the ic-axis, there is an accumulation 
of points in the neighbourhood of x = | and in this example they 
are all to the left of x = I, ^ 

In the representation (h), as n increases, the points steadily 
approach the lino y = \ from below. 

ri ^„=i+(-ir 

This defines the sequence i-, f, f, ... • 

Since |5„-ll = 2~^<e ifn> ^log -^^log 2, the sequence con- 
verges to the limit 1. 

Here 5„>1 if n is even and s^< 1 if n is odd. Tlias successive 
terms are alternately greater and less than the limit. Each term 
is actually nearer to the limit than any previous term, but this 
property is not necessarj”^ for convergence as will be illustrated 
in III. The reader should consider the representations («) and (6) 
in this and the following examples. 


in 


sin Inn- 
n 


This defines the sequence 


1,0, -h 0, h 0, -i... 


Since | »„ | < -< c, if n>l/«, (s„) converges to the limit 0. 

The fact that 0 whenever n is even shows that the approach 
to the limit is not steady. In this example there is an unlumted 
number of terms of the sequence equal to the limit. 


TT- SUl 

IV 3„ = 

" n 

Here also (s„) converges to zero and the approacli to the limit 
is not steady. There is no term of the sequence equal to the limit. 
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If n >2, 1 - 3 I = (9/1 - 6)/{(n - l){n - 2)}< 12(n - 2)/(n - 2}» 
thus [»„- 3 j< e if n>2+ 12/e, and so (#„) converges to 3.' 

Here the value 2+12/e taken for m is not the least value that 
will serve. To establish convergence it is enough to obtain 
some value of m for which the inequality is satisfied whenever 
n>m. 

and Sj do not exist, but is defined for all other values of n ; 
therefore the sequence {»„) exists, 

VI y?„ = sec{iaTs/»'0 

This does not define a sequence as sec(-| 7 rVw) is meaningless 
when n is the square of any odd number. 

Divergent Sequences. The sequence (s„) is called divergent 
and is said to diverge to + co if when any number K whatever is 
assigned, there always exists a number m such that SJ^>K for 
e/very integral value of n that is greater than m. m usually 
depends upon K, 

The divergence may be expressed by lim = + x or by 
' + 00 when 

Similarly the sequence is called divergent and is said to 
diverge to - x if when any number K whatever is assigned, there 
always exists a number m such that s„< K for every integral value 
of n that is greater than m. This may be expressed by lira - x 
or by ‘ - X when 

VII 

Since ^n>K whenever n >K*, («„) diverges to + x . Similarly 
= - sjn defines a sequence which diverges to - x . 

VIII 9„ = {l + {-I)«}Vft 

This defines the .sequence 0, 2V2, 0, 4, 0, 2,y6, ... 

If » is even, «„ = 2Vn ; if n is odd, 0. 

Although whenever w is on even number greater than 

J/C‘, the sequence does not diverge to +' x because there is no 
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value of m corraspoiuliiig to a given positive K such that 9 j^>K 
for evmj value of n that is greater than m. Nor is the sequence 
convergent. 

The two phrases : 

“ for all sufficiently large values of n ” 
and “ for values of n as large as we please ” 

are often used and must be carefully distinguished. 

In the definitions of convergent and divergent sequences the 
inequalities 1 1 1< t and b^>K must be true for all sufficiently 
large values of n or more shortly /or all sujficiently large n. 

No sequence is defined in VI because sec (iTTn/n) is meaningless 
for values ofnaa large as we plmse. Also in VIII >K for values 
of n as large as we please and 1 for values of n as large as wo 
please. 

Oscillatory Sequences. A sequence which neither converges, 
nor diverges to + qo , nor diverges to - oo , is called oscillatory. 

If, in an oscillatory sequence, a constant C exists such that 
1 [< C for all values of n for which 8„ is defined, (5„) is said to 

oscillate finitely, and otherwise it is said to oscillate infinitely. 

The sequence in VIII oscillates infinitely. 

IX = 

If » 13 odd, I - 1 j = l/n< « for all sufficiently large n, namely 
whenevern>l/6. 

If n is even, 1 + 1 ! = l/n< e whenever n>l/e. 

But («„) does not converge to + 1 or to - 1. It is not enough 
that the inequality should hold for an unlimited number of values 
of n or for values of n as large as we please. No inequality 
I i I < e is satisfied for all sufficiently large n and therefore (s„) 
is not convergent. 

Since |< 3 for all values of n, the sequence is not divergent 
but oscillates finitely. 

n.K.A.A. n. K 
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Upper and Lower Bounds. If there exists a constant C such 
that is never greater than O', tlie sequence («„} is said to be 
hounded above. It can then be proved that in the domain of real 
numbers (but not necessarily in that of rational niubbers) a 
number M exists such that 8„ is never greater than M, whereas 
if M'<M there is some value of n for which >M\ As a matter 
of fact M is the least value of C and it is called the upper bound of 
but a proof would involve the definition of a real number. 

In I (p. 324) I for all values of n, but if L then >M' 
for some value of n (in fact here for an unlimited number of values 
of n). Therefore the upper bound M of (s„) is Here no term 
of (5„) is equal to M, 

If = (n + l)/n, M-2 and - M, Here no other term of («„) 
is greater than H. 

Similarly if there exists a constant c such that is never less 
than c, the sequence (tf„) is said to be hounded below, and the 
greatest value w of c is called the lower bound of (5„). It is evident 
that if the upper bound of ( - s,,) is M, the lower bound of («„) is 
- M, and the lower bound may be so defined. 

In I is never negative and = 0. Therefore the lower bound 
m of (s^) is 0. 

If ^n = (n+l)/n, then values of n, but if w'>I, 

s„< m' for some value of n (in fact here for an unlimited number 
of yalues of n). Therefore Here no term of (s„) is equal 

to m. 

Upper and Lower Limits. In IX, («„) is bounded above and 
Af = 2. But /or aU sufficiently large n, 8^ is less than any assigned 
number that exceeds I, although this is not true of 1 itself. 
Therefore 1 is called the upper limit of (e„) in that example. This 
is denoted by 

A= lims„=L 

Also in IX, (s„) is bounded below and w= - 1|. for all 
sufficiently large n, is greater than any assigned number less 
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than - ], although this is not true of - 1 itself. Tlierefore - 1 
is called the lower limit of {s„) in that example. This is denoted 
by 

• X= lim#^= -1, 

If A = X = I, {«„) converges to the limit I, 

If A^X, (s„) is oscillatory, 

X ff„ = cos + — ^ , 

5, does not exist. If n- > 1 and p is a positive integer, then 
for n=6p, 1 + l/(n- 1) ; for n=6p ±1, s„=:i + l/(n- 1) ; 

forn=6/)±2, I)'; 

for n = 6jr> + 3, s„= - 1 + l/{n- 1). 

Hence (s„) is represented by points on an a:-axis which accumu- 
late near ±1, a:= if. It happens that «i = i, «g= but no 
is equal to ±1. 

Also Af= 1|, m— - I, and /I - 1, A = - I, 

XI cos \htt + sin |7ijr - ~ 

If n is even, «„ = ( - 1)”/V^ + where I « |< 1. Therefore for 
all sufficiently large oven values of n, if \n is even and 

jr,i< K if §71 is odd. 

If n is odd, = sin frew - — and the method used in X shows 

" n 

that the representative points on an ai-axis accumulate near 
a?= i 1, a: = i B which are called points of accumulation of (5„). 
This sequence oscillates infinitely and we may write 

lim 8f^= + oo , lim 3 „ = - <x>. 

For the sequence in VIII, p. 326, which also oscillates infinitely, 

' Iima„= + 00 , but lim S n = 0. 

a-*® 
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Monotone Sequences. If for ail values of n, the sequence 

is called moTwtone increasing or is said to increase steadily. 
For example 2, 4, 8^ 1 6, . , . and f , I, f f , ... are monotone 
increasing sequences. <■ 

When the terms s„ are all positive the condition may 

be replaced by ^^>1. 

For example if o >0 and (<x + n) gequonco 

(s„) is monotone increasing, 

for SnJs^={a+n+l)l{n+l)>l. 

Similarly if 5n+i<®fi values of n, the sequence {s„) is 

called monotone decreasing or s^ is said to decrease steadily. 

For example 1, L J, ... is a monotone decreasing sequence. 
We shall continue to assume the theorems stated on p. 62 that 
a monotone increasing sequence {s„) for Tirhich 5„< <7 for all values 
of n, converges to a limit I such that 1<,C, and that a monotone 
decreasing sequence for which >c for all values of n, converges 
to a limit I such that l>c. These results cannot be proved without 
first establishing a theory of real numbers. They are not in fact 
true within the domain of rational numbers. 


Example 1, If 

1 + i + 3 + •♦. + -- log w and 1 + | + ^+ ... + q--logn, 

n n- v 

prove that (s„) is monotone decreasing and that (i„) is monotone 

increasing and that each converges to the same limit y where 

0'3< y< 1. 

=;^ - log («+ 1) + log n=^ - log (l + i) . 
similarly ; 

but from p. 108, writing - for u in equation (8), 

ilcg(i + i)<i, 

n + 1 \ n/ n 


-<0 and L 




.. ffn+1 "n+i ‘'n" 

(«„) is monotone decreasing and (^„) is monotone increasing. 
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I ”1 

Also since ~>log I) -log 2->log + 
n 1 r 


positive, and since is monotone decreasing, it 
converges to a limit y where y>0. But = 1, y<\. 

Also (U converges to the 

same limit y. 

But = 1 -log 2 >0 3 (see p. 112) y>0‘3. 

The common limit of these two sequences is called Euler's 
Constant. Its value is -57/2157 and it is denoted by y. 


Example 2. Prove that the sequence {5„) defined by 


is monotone. 




3j-C>0 


^ (2-gJ( 3 mQ 

7 + s„ 7 + 5„ 7 + 


and 


2 


6(1 +5n) _ 4(2 - s^) 
7 + s„ 7 + s„ 


Henceifa„<2, and so if c< 2, 


tfj < Sj < S 3<...<2 

i.e. the sequence is monotone increasing. 

Similarly if c>2 it follows that >^j >Jg >... >2 and so the 
sequence is monotone decreasing. 

Ifc = 2,«„ = 2. 


EXERCISE XlVa 
A 

1. If 5 ^ = 2 + ( - prove that \ Sj^-2\< 001 if n>9 and find 
the least integer w such that [ - 2 1< 10“* whenever n >ni. 

■ 2. If a„ = (2?ft + 5)/(6n- 11), prove that (5„) is convergent and 
find the least integer m such that | - i i< -001 whenever n>m. 

3, If a, = ^ (n - 2), prove that (a„) is divergent. 

4. If a„ = (-- l)«(2n- l)/n, prove that (a„) oscillates finitely. 
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Find the nrtturo of the sequences in Nos. 5*10 and their limits 
or upper and lower limits when these exist. 

5. (6» + 2)/{n-l) 6. (-1)" 7. (n>-l)/n 

8, n + (-l)"rt* 9. tan”*rt 10. cos\mT*rlln 

XI. Give the upper and lower bounds and the points of accumu- 
lation on an a;-axia in Nos. 6, 9, 10. 

1 2. Prove that if +i = 2 ( 1 + a„) / ( 3 + ) and > 0, the sequence 
(«„) is monotone. 

B 

13. If (3n* + 6)/(4n* - 7), prove that {«„) is convergent and 
find the least value of m if [ «„ - J 1 < £ whenever n > w. 

Answer the same questions asinNos. 6-10 for Nos. 14-24. 

14. {§)" 15. + 16. 

17. tanirnr 18. (n* - l)/(n* - 2n) 19. (-l)«(l + l/n) 

C 

20. n* + (-I)”^2n 21. (sinnl/v'n 22. (s/rtlcosww 

23. (cos Inw -I- n sin 24. ( Vn) sin* |n7r + cos fnw - 

26. Give the upper and lower bounds and the points of accumu- 
lation on an £-axis in Nos. 20, 21, 23, 24 

26. Give the lower limit of the sequence in No. 24. 

27. If a„ 4 ., = 12/{ 1 -I- and 0< 9^< 3, show that s^, s^, ... and 
tfj, 8,, ... are monotone sequences which are increasing and 
decreasing respectively. Examine also the case >3. 

28. Prove that the sequence (s„) given by ^n+i“ + 

>0, is monotone. Examine the cases «!< 3, Sj >3. 


Some important Limits. 

(i) If - l<x< -l- 1, limic"“0. 


(ii) For all values of x, 

(iii) 



= 0 . 




= 0 . 


Iiml£^ = 0. 

e-^90 n“ 


(iv) Ifoc>0, 
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The first two were given on pp, 56, 76. Direct elementary 
proofs will be found in Durell and Robson : Advanced Trigono- 
metry, p. 78 \ and a proof of (iii) is given in the same book on 
p. 68. cJt is easy to deduce (iv) from (iii). 


{y) If the sequence ( 5 „) converges to the limit zero, then the sequence 
(<^) defined by + a, + ... + a„)/n also converges to zero. 

First suppose then fi„>0 for all values of n. 

Since (5^) converges to Jero, if « is any given positive number, 
m exists such that 5„< ie whenever n>m. 

Thus = ( 5 ^ + 5 , + ... + 8 Jin + + ... + sjjn 

<iSi + 8f + ,,.+aJln + ^{n-m)eln 
< («i+^a+ ■•’+8jln + le 

Sfnoe m is fixed^ can be chosen, greater than m, so that 

(#i + 5j + ... + s^)/n,<ic, 

and then i„< le + = £ whenever n >ni >m. 

Thus (^„) converges to zero. 

Now suppose that s„ may be positive or negative. 

Since (5„) converges to zero, so also does (| |), 

But 1 = |(s, + + ... + #„)/«!< (I aj + Iff, I + ... + Ia„[}/n; 
hence (j j) converges to zero, and {t„) also does so. 


{vi) If the aeqmnce (m„) converges to the limit I, then the sequence 
(u„) defined 6y — (Mj^ + Mj + ... + «„)/«. also converges to 1. 

For put «„ = Z i-ff„ ; then {sj converges to zero and therefore 
(v), («i + ff, + ... + ffrt)/^ “^0 when n-><30 . 

But = i + (ffj + ff, + . . . + ffft) In, {vj converges to i. 

It should be noted that the converses of (v) and (vi) are not 
true. The convergence of (v„) in (vi) does not imply that of (u„), 
See Exercise XlVb, Nos. 1, 18, 
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Example 3. If j a |< 1, prove that the sequence («„) defined by 
= na*^ is convergent and that its limit is zero. 

(i) Suppose 0<a< I and put a = 1 

Then 0<a:< 1 and (1 - a;)(l + a;) = 1 - 1, o< ll{ilrx). 


Thus 




1 +x 


Hence, except possibly for a finite number of terms at the 
beginning, is monotone decreasing. But 5„>0 for all valu^ 
of n, (s^) is convergent. * 

Since (l + a:)” = l + n® + f»(n- l}a:* + ... >fn(n- I)a:*, 


na"< 


(I+a^r in- I)a:> 


<e if n>l + 


€( 1 - 0 )* 


Therefore na”-5*0 when n~*oo . 
This is also true when a — 0. 


(ii) Now suppose - 1 < o< 0. 

By (i), I na” |->-0 when n->~ao , hence also na'’->-0. 

Alternatively from p. 69, the series 2 o I” is convergent if 
I a |< 1, a 0, since lim = 1/t o | >1 ; and therefore by 

the theorem on p. 64, [ [->-0 when n~^<x> , 


Example 4, Prove that the sequence ( ^n) converges to the 
limit 1. 

Put ;*/n=l + a;. Then (1 + a;)" = n, ir>0. 

Hence, as in Example 3, w = (l + a;}">|n{a- l)a;*. 

Thus j j^n- 1 l^a;< v^{2/(n- 1)} <f if tt>l + 2/€*. 

"/n-S'l when n-^cc . 

Alternatively from p. 108 

1 2 2 

log !l^w=-logn=-Iog Vn<— 

and so log r^n< € when n >4/e*. 

Hence log when n->ao 

and, assuming the continuity of the logarithm, ^n-^l when 
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Exam/pU 5, Prove that if o >0 the sequence converges to 
the limit 1. 

(i) Suppose a> 1. Then if n >ti, 1< «/a< ^n. 

But ty Example 4, when n-j-oo ; hence 

(ii) Suppose 0 < a< 1 . Put «/a = a:, then a ~ a?” and 0 < a;< 1 . 

Thus {l-x^)f(l-x)~l + x+...+x»~^>nx^ 

and 1 - ”/a^ l~x< = , 

nx^ na 

/. 1 1 - li/« i < € whenever n > { 1 - a) / (ofe), 
when n^<x> , 

Alternatively (ii) may be deduced from (i) by writing 1/a for a. 


Example 6. Prove that the sequence (5„) is convergent if 

_3.5.7... 2n+l 
^”“2.5.8... 3w-l 

2n + 1 24- 9 

^ — 7 <lT = T 7 i ^ 20?i+ 10< 27n- 9and therefore ifrt>3; hence 
3n - 1 21 10 


But 


(r- 


■0 when ; therefore when n->-x . 


Note. In this proof instead of 2J, 2^, any two numbers a, 
such that 2< a< 3 could be used. 


Example 7. Prove that the sequence (s„) is divergent if 

_ _2.5.8 ... 3tt- 1 
^”^1.4.7 ... Sn ~2 

Since log i l)/i if i >0 and I, by p. 108, 

3n-l 1 J_ 

3n-2^3^- 1^3«’ 

•Hence . logs„>i(l + i + i+ + ^) • 

But 1 +‘4 -1- 4 -h ... + - when n-*cc , by p. 64 ; therefor© 

. n 

logs^->>« and whenn->». 
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The convergence of a sequence can sometimes be established 
by dividing the sequence into two sub-sequencea each of which is 
monotone. This is illustrated by Example 8. 

Example 8, If = 1 and = 6/(1 + s„), prove that*(«„) is a 
convergent sequence with limit 2. 

If Pf denotes the point it i 

lies on the curve ^=6/(1 + a?) for all \ o 

values of r. The positions of Bj, P,» J \ 

P,> P^ are shown in the diagram and, \ p 

the positions of P,, P,, ... may be 3 — 

added in succession ; these give some ^ - J 

idea of the nature of the sequence, .. lN ^ 

If it is assumed that then ' ' I I 

and I ? ■ f ^ 

«,+. = 8/(l + »„) gives i = 6/(l + ;), 0 . a 8 

Z> + J = 6, (i - 2)(? + 3) = 0 ; but as 5;^ >0, />0, therefore / = 2. 

It is essential however to prow the existence of the limit. 

If «„<2, a„+i = 6/(l+5„)>2; if a„>2, 3„+i<2; but «,<2, 
hence 3„<2 if » is odd, and if w is even. 

Also 

"+* ! + »„+, " (l+«„) + 6 " 7 + «„ 

Thus >a„ if n is odd, and #„+,< if n is even. 

Hence a,,... is a monotone increasing sequence with 

positive terms all less than 2, and is a monotone 

decreasing sequence with all terms greater than 2. Thus 
tends to a limit b, and a,„ tends to a limit c, where 0<6< 2< c. 

Since and from the expression found 


Similarly by taking even values of n it follows that c = 2. Thus 
(tf^) converges to the limit 2. 


Note. The result is true for all positive values of s^. But if 
aj>2, Sj, a,, a,, ... is monotone decreasing and s^, s^, ... is 

monotone increasing. The point L(2, 2) in the diagram is the 
point to which P^ tends when r -^ae . 
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EXERCISE XlVb 
A 

1. If = and = + + prove that 

converg%s although {^„) does not. 

2. If 5„= ^n*, prove that ( 5 ^) converges to 1. 

3. If = 0<a< 1, prove that ( 5 ^) converges to 0. 

4. Prove directly that (log n)!>^n~^() when n->« , 

5. Prove that (log when n->oo 

6. Prove that ■■■■ -->>0 when tn-co . 

rf. 8. Id ... on - 2 

2.4.6 . 2n 

7. Prove that the sequence (ff„) defined by 5 ^= ’ ^ 

is divergent. 1 . d . 0 . . . 2n - 1 

8. If 5j>0 and 8„^^ = 2l{l v s„), prove that («„) converges to 
unity, 

9. If «i = l, = 5^+s == i(Sn+i + ®fl)» prove that the sub- 

sequence dj, ffj, ... is monotone increasing and that 3^, a,, ... 
is monotone decreasing, and that (5„) converges to 2J. 


B 

10 . If 9„~ H/a, o> 0 , prove that (s„) is monotone. 

11. If (s„) converges to zero and prove that (<„) con- 

verges to unity. 

3 7 . 1 1 . . , 4n — 1 

12. Prove that the sequence («„) defined by ‘ 7 

ifldivergent. 4.7. 10 ... Jn + 1 

13. Prove that r v f - " x- — s when n-+oo . 

4 * 6.8 t * • 2ti + 

14. If = o>l, fc>0, prove that (fi„) converges to zero. 

15. If na^^l + l + l + .,. + lln, prove that («„) converges to 
zero. 

’ 16. If s„ = (1’- a;")/{I - !r), 0< x< 1, verify from first principles 
that lim a^ — hm {(Sj + fi, + ... -F«„)/n) 

17. If ==!,«, = 6, prove that {sj converges 

to zero. 
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C 

18. If =tn( - 1)”"^ and = (5^ + + ... + 9„)fn and 

tJ„ = (fi + f, + .., + g/n, 
find the natiore of the sequences {t„) and (v„). 

19. If + prove that («„) converges to 1. 

20. Evaluate lim (^/2 + .5^3 + ..,+ »/«.)/« 

21. If lim {/(n) -/(«- 1)} = Z, prove that liin’^^ = i. 

n-xo n— ►® ^ 

22. If = m{m + 1) . . . (m + n - 1 )/n! and m > 1, prove that (^„) 
is divergent. 

23. If m> - 1, prove that m{m - 1) ... (m~n + l)/(n!)->-0 when 
n-^oo . 

24. If = {n + 3)s„^i - (n + l)s^, prove that 

lim sj{n\) = {«~ 2)s, - {2e - 5)«i 

»->ao 

25. If »f^-Ul + U 2 + ... + Uf^ and tt„^, + 2a%^i + 6w„=:0, prove 
that («J is convergent if -l<6<o*<I and (l + 6)*>4a®. 
Examine the case b~a^< 1, 

Infinite Series. The discussion of the convergence of 

0,+0j + 03 +...+ 0 „+... 

is equivalent to that of the convergence of the sequence (A„), 
where = o, + a, + a, + . . . + a^. 

converges if lim A„ exists. 

B-WO 

It is convenient to use B„, ... in this way to denote 

+ Uj + . . . -f- o„, &! + 5, + , . . + . . . 

and also to use A, B, ... for lim hmR„, ... if these limits 
exist. 

The usual tests for convei^ence of simple series wore explained 
in Ch. rV, pp. 67 -76. It was proved on p. 64 that if converges, 
then lim o„ = 0 and this is true whether the terms are all positive 
or not. But this test» though necessary, is not sufficient for con- 
vergence. 

We shall now prove a stronger result of the same kind, applicable 
however only to series of positive terms. On pp. 342-346 we 
shall give some further teste of convergence. 
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Abel’s Theorem. If is a convergent series of positive ter 7 ns 
and if (a„) is monotone decreasing, then Urn {fia„} = 0. 

By h^othesis is monotone increasing and tends to a limit A, 
Hence for any given positive value of €, k exists such that 
A~ ^<AJ^<A ifn>k, 

A^-A^<t if n>'ky 
i.e. ctfc+i + Ofc+s + -.- + «„< €• 

/, since ajt+i > “it+s > . . • > > 0, 

[n~k)a^<€y 

when n>2fc. 

Hence when n->x . 

Exercise XIVc, No. 9, shows that if (a„) is not monotone 
decreasing, converge even when lim (na„) is not zero. 

For an illustration of the use of Abel’s Theorem see Example 9. 

The example l/(nlogn) shows that the converse theore7n 
that if (o„) is a monotone decreasing sequence of positive 
terms and lim {no„} = 0, then '^a„ is convergent, is not true. For 
21/{« log n) is divergent, by p. 343. 


Example 9. If = prove that divergent. 


First method. Since 


dx 


\ X/ X 


1 


--log® 

= (a; + 1 " log x)jx^>0, p, 108, 
it follows that log increases with x and hence increases 
with X. Thus (a„) is monotone decreasing. 

Also lim {na„} = lim = 1, by Example 4, p. 334. 

Hence by Abel’s Theorem, 2«n cannot converge. 

But o„ ia positive, therefore diverges. 

• (Second method- Since log n< n, e, 

1 1 

thus 

But 2(1M) i® divergent, therefore i® divergent. 
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[on. 


Example 10. 


1 

sJ[n-\) 

Hence 


Examine the convergence of when 

1 _ Vn-^/(n-l) _ I * 

^Jn~ V{n®-n) “ v/(n* - n){Vn+ ^/{n- 1)} 

n*= n* 

^ • 2\/n ^ s/(in*)2 V(in) 


that is 

Therefore by the comparison test, , it follows from p, 67 that 
20n converges if A:< | and diverges if fc>|. 


BXEBCISE XIVc 
A 

For the values of in Nos. 1-8, determine whether the series 
are convei^ent or divergent, 

1. 2"M4"-i-l) 2. {n-H)/Vn5 3. v{l+n*)-n 

4. n^(n + 1)® for various values of 6, c. 

5. (4.7...3n + l)/(3.7...4n-l) 6. (n*-n‘’)-S 0<c<6 

7. IVn- V(n- 1)}/V(n- 1) 8, (logn)/n 

9. If a„= 1/n when w, is asquare and otherwise = 1/n*, prove 
that is convergent and that na„ does not tend to zero. Why 
does not AbePs Theorem (p. 339) apply to this series ? 

10. If is convergent, prove that 211 ^ 

vergent. 


B 

For the values of in Noe. 11-16, determine whether the series 
20fl are CMivergent or divergent. 

11. n(n-l)«, g<0 12. (6«-c")-S 0<c<6 

13. n!/(3.6.7 ... 2n+l) 14. 2«(n!)/(5.8 ... 3n-h 2) 

15. .^(2n*-l)/V(3n>-i-2n-}-6) 16. v'{n>-i- 1) - D 

17. Prove that 2 ^og (1 + Jr*") is convergent if x^< 1. 

18. Prove that if o„>0, the series 2®* 2{®n/(^+®fl)} 

both convergent or both (hvergent. 
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C 

19. If a„= s/n{»y(n+ 1) - 2^^ + \/(n - 1)}, determine whether 
tlie series 2o„ is convergent or divergent. 

20 . if (in — n\og{{n + l)l{n-\)}~-2, determine whether the 
series SUri i® convergent or divergent. 

21. [A Comparison Tesi\ If 2&n ftrc two series of positive 

terms such that ctn/^n+i positive integral values 

of n and if 2&n i® convei^nt, prove that 2i»n i® convergent. 

22. [CaiKhy'a Test] If c„>0 and lim = prove that 2o„ 
is convergent or divergent according as 1 or 1>1, Show by 
examples that if i = 1, may be either convergent or divergent. 

23. Prove that the sum of the reciprocals of any number of 
positive integers that do not involve the digit 0 {when written in 
the usual way in the scale of 10) is less than 9 + 9*/10 + 9*/10* + ... , 
so that the series 

l+4+-’''tt + lT + + ^ + 

is convergent with sum to inlinity less than 90 although 2l/n is 
divergent. 

24. If i® ®' divergent series of positive terms and 

prove that S(i»n+iMn) ^ divergent. 

Deduce that 2 |log ^ ^ divergent, 

25. If (a„) is monotone and diverges to +oo, prove that 

-o„)/a„} is divergent. Deduce that S{l/(»^ ^)) is 

divergent. 

26. If (a„) is monotone and diverges to + * and if >1, prove 

that - ctn)IW~^^n+i)) i® convergent. Deduce that 

2{n-Hlogn)-i»} 

is convergent if p >1. 

27. If (a„) is monotone and diverges to+ oo , and if 

^ lI| ^ ■ 

to r terms, prove that 

(i) tends to a limit vl or to + oo , 

(ii) tends to a limit A or to - oo , 

{iii) A and A cannot both exist. 

Hence prove that Oj - a, + a, - . . . Moillates mfimtely. 

Prove that 2*-2 + 2*-2* + 2*-2* + ... diverges to + oo. 
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[CH. 

Infinite Integrals. An wfmite integral f{x)dx is defined to be 

the limit, if it exists, of when t-^oo . If the limit exists, 

then the limit of = ^^S{x)dx, when w tends to infinity through 

positive integral values must also exist. Hence the convergence of 
the sequence {8„) is necessary for the existence of the infinite 

fn 

integral . But it is noi sufficient. For example if = I ^ cos 2 tt* dx, 
the sequence is convergent because — 0 for all values of n, but 

r® 

cos %Ttxdx does not exist. 

. f* . 

If however it can be shown that \f{x)dx lies between 5,^ and 
whenever t lies between n and n -f- 1, then the convergence of 
(«„) is a sufficient condition for the existence of the integral. 

The Integral Test. If f{x) is a positive integrable function of x 
which is monotone decreasing /or a; >m where mis a given positive 

f* 

integer, then the aeries 2/(n') converges if and only if \f{x)dx exists. 
If r ia an integer greater than m and r - 1 < a;< r, then 
/(r)</{a;)</(r-l) 

nr)<l_J(x)dx<f{r-l) 

Putting r = m+l, m + 2, ...,n and adding, 

/(m+ l)-l-/(m + 2 ) + ...+/(n)< I f{x)dx<f{m)+f(m-\- 1) + ... 

+/(n-l). 

n fn fn 

Thus 2/(r)</(m)+ l^/(a:)daff, and if j^/(a;)ck->Z when , 

n 

2/(r) is a monotone increasing function of n which never exceeds 
m 

/(»t) + Z and therefore converges. 
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Aiid conveivsely if when n-+c6 , f y(x)(/a; is a mitnatone 

m ■ 

increasing function of n which never exceeds a and so converges. 
If /(a?) is a positive integrable function of x which is monotone 

decreasing, | f{x)dx may not exist even when/{a;)-»-0 when a;->-oo , 

If*! 

For example if /(a;) = -i jj does not exist. If, when 
f{x)->-k>0, then f{x)dx cannot exist because 

}m 

I f{x)dx>{n-m)k. 


But it follows from the inequalities obtained above that if 

-/(m) +f{m H- 1) + . . . +/{n - 1 ) - j], f{x)dx, 

the sequence [t^) is convergent, 

fn+i , 

For sinc6/{n) > j /(a;)cZx, is a monotone increasmg function 

of n ; and it has been proved that f„</(wi) ~f{n)<f{m) (<„) 

converges to a limit </(m). 

For an illustration of this property, see Example 11 (ii). See 
also Example 1, p. 330. 

Example 11. If a„ = i, and ^ a, + a. + . . . + a. 

prove that (i) the sequence {Af^) is divergent, 

and (ii) the sequence - log log n) is convergent. 

I 2 = ''I ='°S ’“8 " “ 

Hence f - does not exist. Also — is a monotone 

j2xloga; a: log a; 

decreasing positive function. Hence (A^) is not convergent, and 

since it is monotone increasing, it is divei^ent. 

(ii) - 1" . tends to a limit when «-►«>. 

' ' j2a;loga; 

But a,.->() when r-»-ao , (A, - log log n) is convergent. 

n.R.A.A. n. L 
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[oh. 


Example 12. Prove that V — r; r: is convergent. 

^n(logn)* * 


dx 

' -1 " 

« __i_ 1 

Jza^ilog 

Llog a; J 

'2 log 2 log n 


fo exists. Hence since — 7 ^^ — - is a monotone 

Jz a;(Ioga?)> x (logo:)* 

decreasing positive function, 2~7i is convergent. 

n{log n)* 

Cauchy’s Condensation Test. If f{n) w a positive monotone 
decreasing function of n, the series 2/(^1) ^ convergent or divergent 
according as the series 22’y{2”) is convergent or divergent. 

Put 5„=2/(r) <„=227{2"). 

1 1 

(i) Suppose {tf^) converges to the limit t. 

{/(2) +/(3)} + {/{4) + ... +/(?)}+ ... + {/(2^-i) + ... +/(2^- 1)} 

< 2/(2) + 27(2^) + ... + 

Thusif2P>n, s„<^p_i+/(l)<i+/(l). 

Also (s„) is monotone increasing, therefore it converges. 

(ii) Suppose (^„) is a divergent sequence. 

/(2) + {/(3) +/{4)} + {/{ 5) + . . . /(8)} + . . . -f {f{2^-t + 1 ) + . . . +/(20} 
>/{2) + 2/(2>) + 2V{2>) + ... + 2»--V(20 -IL. 

Thus if n>2^, ; therefore (a^) diverges, 

Cauchy’s test may bo applied to the series in Examples 11, 12. 

(i) If f{n) = 1 /{n log «}, n > 1, 

2«/{2«) = 2’^/(2« log 2«) = l/(n log 2). 

But S(1M) 13 divergent, therefore 2/(n) is divergent. 

(ii) If/(n) = l/{n(logn)*}, 

2"/(2") = 2«/{2«(log 2«)*) = l/{n*(log 2)«}. 

But E(l/«*) is convergent, therefore 2f{n) is convergent. 

Ratio Tests. It was pointed out on p. 70 that D’AlembeH’s 
teat fails when hm = 1. We give here two^ further testa 

which suffice for most purpose and in particular are decisive 
when can be expressed as the ratio of two polynomials in n. 
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Raabe's Test. For a series of positive terms 

(i) if + «/” v^here a > i, 2;a„ is convergent, 

1/n, w divergent, 

and th(-\<ime remits hold if satisfies the inequality only for 

n>m where mis a constant In (i) a must be a constant, 

(i) If r>m, + afr. 

Thus rcip>ra^+i + 

i.e. ro, - {r + 1 )a^+, >(a - I 

Put r = m, w+ 1 n- 1 and add, 

thus ma ^ - no„>(a - + • • • + O 

where w>m+ 1. Also o£>l, 

thus Ojrt+i + + . . . + a„< - na„)/ (« - 1 ) 

<mu„/((x- 1}. 

Hence if -l-aj -f ... + o„, (5„) is a monotone increasing 

sequence and s„< + ^ni/(“ ~ U which is constant. Thus (?„) 

is convergent. 

(ii) If r>m, ra^<{r+ 

(n>m) 

Thus a^>majn. But is divergent and therefore by the 
comparison test S«n ^ divergent. 

In practice it is often simpler to use these tests by evaluating a 
limit, but it may also happen that the tests can be used when the 
corresponding limits do not exist. 

If liran(a„/a„^i- 1) exists and is I where 1>1, then m exists 

such that n{aJaf^^^ -1)>^{1+1)>1 forn>m, 

a„/a„^j>l + «/n where a=^(i+ 1}>I* 

^ convergent. 

If lim n(a„/a„+i - 1) exists and is i where I < I, then m exists 

n->« , 

such that n{aJa„^^ - 1)< 1 for n>m, 

••• o„/a„+,<l + l/n. 

/. is divergent. 
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Gauss’ Test. For a series of positive terms, if 

«n 1 1 jSn 

«n+i » n* 

where j jS„ | is less than a constant C for n>m, then 2)®n ^ 
divergent, 

“n+i n w log n » 

But (]ogn)/?i->-0 when n->QO by p. 332. Therefore exists 

such that - — — < < 1 when n >m, >m, 

\ n \ n ^ 

Then ^ I ^ 

o„+i n nlogn 

Ma„ log w< (n + 1 log n + 

na„ logn- (n + log (n+ l)<a„+,{l - (n+ 1) log (1 + 1/n)} 
<0, by p. 108. 

TIuls (no„ log n) is monotone increasing for n >m^ 
and so na„ log n log = 6, >0. 

Thus a„>6,/(n log n). But by Example 11 '^IKnlogn) is 
divergent ; therefore by the comparison test, is also divergent. 
For an alternative method of proof, see Exercise XI Vd, No. 32. 

The 0-notation, It is often a convenience to use the symbol 0 
which is defined as follows. 

The statement /(n) = 0 g (n) 

means that constants C, m exist such that 

[ /(n) I < Cg{n} whenever n>m. 

The tests of Raabe and Gauss may therefore be stated in the form 

// a^>0 and -^=l + - + o(i) 

dn+i n \nV 
then is convergent t/ « > 1 and divergent i/ a < .1. 

The ratio tests can be used in conjunction with the results on 
pp. 72, 75 to decide the convergence or divergence of series in 
which the terms are not all positive. 
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Example IS, If j convergence of 2^a„. 

If a; >1, a„< 1/a:" ; therefore X^n converges. 

If a: = ^ , a„ = i ; therefore X«n diverges to + x , 

If [ a: { < 1 , a„ > D and 1 when n-^ x ; therefore X«n diverges 
to + X , {p. 64). 

If a;= - 1, a„ does not exist if n is odd. 

If *< - 1, put z= “ 2 / so that 2 / >1, 
then [ «fl I = 1 ({y^ + ( - 1 )"} = &fl, say, 

but 6^ >0 and lim (6„/6„+i) =y>\, X6„ is convergent, 

Thus X«» absolutely convergent and therefore convergent, 
(p. 74). 


Example 14. If a„ = discuss the convergence of X«b’ 


IfaJ^O, 


7 when n-^<x> ; 


p|a:|(n+l)* [a 
hence X^n is divergent for x>l and absolutely convergent {and 
therefore convergent) for | a; [ < 1, x^O. 

For a; = 0 the terms are all zero. 

For a;= 1, = X^^n convergent if - 1 and divergent 

ifjfc>-l, (p. 67). 

For a;< - 1, if l<p<|a;|, m exists such that 1 | >p 1 flf 1 

whenever r>»j ; thus |o„[>p"“*"|nml. Hence tn„]^x when 
n-*-® . But the terms are alternately positive and negative, 
and la„| is monotone increasing; thus by No. 27 on p. 341 
Xo^ oscillates infinitely. 

For z=-U lOnK® if ^>*^1 therefore X«« oscillates 
infinitely for the same reasons as before. 

For *=5-1 and k= 0, X'^n oscillates finitely. 


For a?=-l, -l<jk<0, (|a„|) is monotone decreasing and 
converges to zero. Therefore by p. 72, Xa„ is convergent, but it 
is not absolutely convergent because X^n is divergent for x—l, 


k>-l. 

For 7-1, k< - 1, X«n is absolutely convergent because it has 
been proved convergent for « = 1, k< - !• 
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Example 15. Determine whether the series 


[CH, 


i convergent or divergent, 

/1. 3... {2n- 1) 


ll' • On _ pn + 2 Y 


” I 2.4... (2n) 

Hence by Gauss’ test the series is divergent. 


Infinite Products. If + + and (AJ is a 

convergent sequence with limit A, then A is called the sum to 

infinity of the series + . . . and this series is called convergent. 

Similar definitions are given for products, with one qualification. 

If = ..,o„ and (R„) is a convergent sequence whose 

limit P is not zero, then P is called the value of the infinite product 

a, a, . . . which is called convergent. 

IfR„-> + 00 , the infinite product is called divergent and is said 

to diverge to + oo . It is also called divergent and is said to diverge 

to zero when although the sequence (P„) is convergent. 

T? 1 -r (n+l)2 2{n+l) „ 

For example if = ... = and so 

ttja, ... is convergent with value 2. But the product f- | | ... fiir 

which ct„ = —-^~ and therefore a^Oj ... a„ = n + 1 is divergent to 

+ oo , Also the product iff... for which OjO, ... a„= l/(n-+ 1) 
is divergent to zero, and so is the product 0.1. 2, 3. 4..., although 
the product 1 . 2 . 3 . 4 ... is divergent to + « , 

Just as the convergence of a series implies that lim a„ = 0 
although this is not sufficient for convergence, so the convergence 
of a product a^o, ... implies that lim «„= 1. This would not hold 
if a product for which were called convergent, as illustrated 
above by 0,1.2. 3. 4 ... 
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On account of the property limo^=l, it is convenient to 
change the notation and to consider products of the form 

P„ = (l+aJ(l + a,) ... (l+a„) 

where when n->xi . A condition of convergence is given by 
the following theorem. 

If 0< a,< 1, the infinite products 11(1 + a^) and n{l - o,) are both 
convergent or hoik divergent according as the series ^ convergent 
or divergent. 

U ^ divergent, 11(1 +a^) diverges io + go and n(l-a^) 
diverges to tero. 

Let P^^n(l + (Zr), Qrt = n(l-a^), 

1 1 1 

Then if (A„) converges to the limit A, there is no loss of 
generality in. supposing 0<A<1 since this merely involves the 
omisBion of a finite number of terms in [A^] and of a finite 
number of non-zero factors in (P„), {Q„). 

Since (1 -ai){l -aj >1 - (aj + a,) and 1 - aj>0, 

(1 - oJ(l - a,)(l - a,) >{1 - (Oi + aj)}(l - Uj) > 1 - (a^ + o, + a,), 
and so on. Hence Q„>1 -A„>1 - A>0. 

Also (1 -o,)(l + 0 ^) = 1 -a^*< 1 and l-a^>0, 
l + a^<l/(l-a^). 

Hence P„< 1/Q^< 1/(1 - A). 

But P„ is monotone increa-sing and is monotone decreasing. 

Therefore (P^) converges to a limit which is positive and 
< 1/(1 - A) and (Q„) converges to a limit which is >(1 - A)>0. 

Therefore the infinite products are both convergent. 

If is divergent, since it is evident that P^>\ + Af^, 
(P„) diverges to +oo. Hence (1/P„) converges to zero and 
since 0< Q„< l/Pn, when jv-xjo , and therefor© {P„) 

diverges to zero, Thus tlie infinite products are both divergent. 
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Example 16. Prove that E > g ^ divergent. 


First Method. By p. 206, if denotes the sum to n terms, 
4.7.10 ... 3n + 4 


2.5. 8... 3n + 2 


- 2 , 


But 


3r + 4 2 2 

3^^ ~ ^ 3^ ^ ^ 3(7+1) 


But X{1/^) diverges; hence 11^1 + ^ diverges; therefore 
when n-^oa . 

Second Method. If denotes the term of the series, 
a„ 3u + 5 , 1 - 1 

3n + 4 Sti + 4 n 

and hence by Raabc’s test, is divergent. 


Example 17. If pj, is the fth prime niunber, that is the term 
of the series 2, 3, 6, 7, 11, ... , prove that 11(1 - 1/p,.) diverges to 
zero and X{l/pf) diverges to + qo . 

If p,; = ir and m is a positive integer such that 2^+i>a:, any 
positive integer less than or equal to x can be expressed in prime 

n 

factors in the form IT p/ where Pj.<x end 0 < a < m, and therefore 

n 

the product 11 (1 +Pr”*+Pr~* + dPr'”) contains each of the 

f=i 

terms 1, 2~h 3~h 4"S ... , a;”*. 


Hence 


X 7<n {l+Pr'^+pr-* + ...+pr-^) 
t-1 * r-1 


n 

=n 

1 


l-p~^ 


n 


<n 

1 


1 

i-p,-i* 


n » 

Therefore when n-s* 00 , IT(1 and II{1 -p,.''*)->0. 

1 1 

Hence II(I-p,.“*) diverges to zero, and by the theorein on 
p. 349, XPr”* is not convergent and therefore it diverges to + oo . 
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Example 18. Discuss the convergence of tlie binomial scries 
l + mx + — x'i-... for »= + 1, a;= - 1. 

In the following discussion the trivial case m = 0 is excluded 
since if m = 0 every term except the first is zero and the series is 
therefore convergent. 

If X=s— 1, the terms a^, ®r+i> have the same sign when 

r >m + 1, and 

Of _ f m + 1 m+1 

Hence by Raabe’a test, the series is convergent if m>0 and 
divergent if m<0. 

If X— +1, the terms o^, o^^p ... have alternate signs when 

1 •. I Of I 

r>m4- 1 and 

I ®r+i I ^ ~ ™ ~ 1 

Hence if m + 1 >0, [ o^ | is a monotone decreasing sequence. 

Also + + + 

I Of I r r+ 1 r + p 

But this product divei^es to zero if m + 1 >0 and diverges to 
+ GO if m+l<0. Hence (|o„|) converges to zero if m+l>0, 
and diverges to +« ifm+i<0. Thus by p. 72 the series 
cmvergea if m>-\. If m< - 1, [ a„ | ia monotone and diverges 
to+ 00 ; by No. 27, p. 341, the series oscillates infinitely. 

If m~ - 1, the series is 1 - 1 + 1 - 1 + ... It therefore oscillales 
finitely if m— - 1 . 

It follows from what has been proved for x= - I, that when 
x=: + 1 the convergence is absolute for m>0 and conditional for 
- l<m<0. 
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[CH. 


EXERCISE XlVd 
A 


For the values of a„ in Nos. 1-10, investigate the convei^ence 
of the series ^ppfy both the integral test and Cauchy’s 

condensation test in Nos. 1, 2. 


1 . 


1 


1 


n(logn)* ’ n log n log log n 
1 


3. 


(log n}* 


4, where [p] denotes the greatest mtegor not greater 

than p. 


(-r 


6 . 


{/i+ l)a;” 


7. 1, oO. 


2.4.6.„2n-22n-l a(a+ 1) ... (a + n) ' 

10. (i)/(n)/»yn, {ii)/(n)/(n+ 1), (iii) /(n)/(2n+ 1), where 

/(w) = (1.3...2n-l)/(2.4...2w), 

n 

11. If 6^ = 1 - 1/rS verify that 116^ is convergent with limit j. 

2 

”h dV S 

12. Investigate the convergence of H 


B 


For the values of ct„ in Nos, 13*21, investigate the convergence 
of the series 

13. l/{n^/(log n)} 14, n.!/n” 15. (logn)~” 

16. = a;" if n is odd, a„ = y” if n is even, 0< x< y< 1. 

17. (2«-2)a;»«/(2«-hl) 18. 19. 4"(n!)*/ (2n -I- 1)! 

20. {2 . 6 . . . (4rt - 2)}/{3 . 7 . . . (471 + 3)} 


21. (1.4...3n-2)V(2.5...3n-l)> 


22. Investigate the convergence of n 


d + x^J 


C 

For the values of in Nos. 23-2d, investigate the convergence 
of the aeries 

23. (i) fn log n)-i(log log n)~*, (ii) (log log n)V{n(log n)>} 
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24 

(n*+l){logn)» 


/ 1 . 3 . 5 ... 

\ 2.4.6... 2n / 


26. Prove that (i) N < 2, (ii) 2 ^ 

o j n* ^ jijs/n 

27. If a, 6 are positive, prove that 

I, <'•+’*> 

tends to a limit when n->a3 . 

28. Examine the convergence of 11(1 + a^) where 

(i) a,= ( - ir-V(r+ 1), (ii) ar^{ - l)’’"VV(r+ 1). 

29. If for n integral and greater than 1, 

where |>p>i, prove that and 2««* are both divergent and 
that 11(1 + a„) is convergent. 

30. If /(a;)>0, f'{x)>0, f"{x)<0, prove that the series 2/'(a) 
and 2{f'{n)IJ{n)} both converge or both diverge. If in addition 
y(a?)^oo when , prove that the series 21/ (^)/[/(^)] ) 
convergent for a > 1 . 

31. If aja^+i -1 + bjn where h„-^b >0 when n->QO , prove that 

m exists so that ti^/a„^j>l + i62{l/r) and deduce that a„-»0 
when n-f^oa . “ 

32. If 2% is 8- aeries of positive terms and 2( 1 Ibn) ^ a divergent 
series of positive terms, prove that 2®n i® convergent if 

bfdj-tcij-^i *“ 0^+1 ^ 0 

for all values of t and is divergent if ^r+i* , 

Deduce Raabe’s test by taking b^-7i, and establish the more 
general form of Gauss’ test tliat 2^fi i® divergent if 

where p > 0, by taking b^^n log n. 

33. With the notation of Example 17, prove that 




* 1 1 

and deduce that 2 “ “ 2 ’ 

r-lPr 



354 ADVANCED ALGEBRA [ch. 

Absolute Convergence. TIjo dofmition is given cm p. 74, and 
tho property, there proved, that an absolutely convei^ent series 
is convergent has already been used in this chapter. See Examples 
13, 14, p, 347. The manipulation of an absolutely convergent 
series is essentially simpler than that of a conditionally con- 
vergent series on account of the following theorem. 

Dirichlet’s Theorem. TJie sum to infinity of a convergent series 
of positive terms or of any other absolutely convergent series is un- 
affected by a change in the order of the terms, 

(i) First suppose that -f a, + -t- . . . is a convergent series of 

positive terms and denote its sum to infini ty which is lim A„ by 
A. Consider a new series b^ + b^ + b^ + ... fonned by rearranging 
the terms of Then if n is given, another integer m exists 

such that 

(S„) is therefore a monotone increasing sequence whose terms do 
not exceed A. Hence it converges to a limi t B and Bc. A. 

Since + o, + a, -I- . . . can be obtained by rearranging the terms 
of -f &, -f 6, -I- , it may be proved similarly that A<,B. 
Hence A = B. 

(ii) Now suppose that ai-i-a,-|-a 3 + ... is an absolutely con- 
vei^nt series with siun to infinity A and tliat the s\im to infinity 
of laj! + Iag|-i-ia,i + ... isd'. 

It follows from p. 64 that {Oj -1- 1 Uj {} -I- {a, + j o, |} -I- , . . converges 
and has A-\-A* for sum to infinity. 

If fcj + bj + 6, -I- . . . is the rearranged series, then 

is a rearrangement of | aj -|- 1 o, [ -f | a, J + ... and therefore by 
(i) it converges to A\ 

Also {bj + 1 bj |} + {6|+ I bj [}-f- ... is a series with no negative 
terms and is a rearrangement of {Oi + joi |} + {Oj + 1 o, |}+ ... . 
Therefore by (i) it converges to A + A\ 

It now follows from p. 64 that bj + b, + b, + ... converges to 
{A + A*) - A\ that is to A. 
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In contrast to the property of Dirichlet’s theorem, if the terms 
of a conditionally convergent series are rearranged, the new series 
may have a different sum (see Example 19) or may fail to converge 
(see Ex-ycise XlVg, No. 6). 

It is not in fact difficult to prove that the terms may be 
rearrai^ed so that the new series diverges, oscillates, or has a 
given siun to indnity. This is known as Riemann’s Theorem ; 
for a proof the reader is referred to Bromwich : Infinite Series, 
p. 68 (1st edition). In the following example the series has the 
same terms as the series 1 - i + a “ i + ••• for log 2, but they are 
arranged in a different order, and it is shown that the sum to 
infinity is \ log 2. 

Example 19. Find the sum to infinity of 

Denote the sum to r terms by 

Then 

= |{l-| + |-...to2n terras) 
lims,„^|log2. 

But it is necessary also to consider the limits of and s^n-iv 
1 _ 

Since *sn+i ” ~ 2n + 1 

Iim53„+i= Hm5,„=ilog2 
n-^oo n-^* 

1 _ 

Similarly s an + j ■" ®»n + 2 

lim = i log 2. 

f^flO 


Hence ' 
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[on, 


Cauchy's Multiplication Theorem. If a, + a, + a3 + -.- 
b^ + bj + bj + ... arc convergent aeries of positive terms or absolutely 
convergent series, with sums to infinity A and B, then the series 

Oi + (a, 6a + + (Oj 6, + &3 + a,6j) + k (i) 

is also convergent and its sum to infinity is AB. Also the convergence 
is absolute. 

Let A', B' be the stuns to infinity of 

iaj + la,| + ..., [M + i6a[ + ... 

Consider also the series whose sum to n terms is 

(fflj + dj + . . . + + bj + . . . + 6^). 

This is convergent and has AB for sum to infinity. It may be 
written 

(o^ 6i) + {a ^ bj + u, 6j) + (dj + a „ ) + , . .(ii) 

where the bracket contains all the products involving or 
but not involving any suffix greater than n. 

The scries obtained by omitting brackets, namely 

di bj + dj 6j + 62 + b^ + d^ 6g + a, b^ -h dg 63 + dj b^ + dg 6^ + . . . (iii ) 

is absolutely convergent, because 

I I + 1 1 + I 1 + I I + I ^^1^3 1 + • to & terms 

<i\o,\ + M + ... + \a, [){ 16 J + |6g| + ... + |b,[)<A^B'. 
Hence all series formed by rearranging the terms of (iii) have 
the same sum to infinity. One of these is the series (ii) whose 
sum is AB, and another is the series (i). Hence the series (i) 
converges to AB. 

The convergence of (i) is absolute because 

I dj b| ) ■f' [ dj bj + dj bj^ I + j flj bg H" dj b j -f- dg bj | "f" • - . 

is a series of positive terms whose sum to n terms does not exceed 
A'B\ 
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Doublo Series. An arrangement 

“n+»n + ai, + -. 

+ a,^H a„ + a„ + ... 

+ «si!-«32 +«« + ... 

+ 

in which the term of the row in the ^th column is is called 
a dovhU senes. No meaning has yet been assigned in this book to 
* the sum to infinity of a double series 

If for each value of r, + a,,, + a^, + . . . is convergent with 
sum to infinity A^, and if + A^ + A^-\- ... is convergent witli 
sum to infinity A, then A is called the sum by rows of the double 
series. 

If for each value of s, + ®aa + ^33 + • • * is convergent with sum 
to infimty and if + £3 + ... is convergent with sum to 

infimty B, then B is called the sum by columns of the double series. 

Eurther if + ctji) + (ctu + Om + Oji) + • • . is convergent, 

its sum to infinity is called the sum by diagonals of the double 
series ; 

and if 0,1 + (a„ + o„ + o„) + {«„ + + O33 + ag, + ajJ + . . . 

is convergent, its sum to infinity is called the sum by squares, and 
other modes of summation can be defined. 

There is no reason to suppose that the various sums of a double 
series which may happen to exist are necessarily equal. And in 
the example 

04-1 + 0 + 0 + 0 + 0 + 0 + ... 

-1 + 0 + 1 + 0 + 0 + 0 + 0 + ... 

+ 0-1 + 0+1 + 0 + 0 + 0 + ... 

+ 0+0- I + 0+ 1 + 0 + 0 + .. . 

+ 0+0 + 0 - 1 + 0 + 1 + 0 + ... 


the sum by rows is 1, the sum by columns is - 1, and the sums by 
diagonals and by squares are both zero, 

D,R.A.A. n 
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fCH, 

The geaeral discussion of double series is beyond tlie scope of 
this book. One result lias however just been proved, since 
Cauchy’s Multiplication Theorem may be enunciated in the 
following form. ^ 

In the double series defined by if + a, + a, + . . . and 

+ 6, + 6g + . . . are absolutely convergent and have .4, os sums 
to infinity (so that the sums by rows and by columns are eacli 
AB), then the sum by diagonals is AB. 

The proof also shows that the sum by squares is AB. 

It is possible to prove by Dirichlet’s theorem that if all the 
terms of a double series are positive and if one of the suras exists, 
then the others exist and all the suras are equal. In this case 
the double series is called convergent, 


EXERCISE XlVe 
A 

Determine the conditions for convergence, conditional or 
absolute, divergence, and oscillation of the series in Nos. 1-4. 


L S 


l+nx 


2. S 


1 4-aj” 
1.3.6 


n*- 1 

3. N 

n* + } 


,11 1.3 

2 2 . 4 *^ 2 . 4 . 6 *' 2 . 4 . 0 , 8 * 


Find rows, by colunms, by diagonals, and by squares, 

in Nos. 6-7. 


5. a^==xf+^-\ 0<x<\. 

6. Oj^ = o,i = l; = - 1 if f >1 ; otherwise = 0, 

7. a,.^ = 2; - I ; otherwise = 0. 

8. Write down the square of f + ^ + ^ + ^ + ^ double 

series. Show that its sum by diagonals is and evaluate 

this sum. Find also the sum by rows. 

9. If the terms of l-i + i-i + ... are rearranged in the 
order l + i-*+l + T - * + prove that the sura becomes flog 2. 
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B 

Discuss as in Nos. 1-4 the convergence of the series in Nos. 
10-12. 


10. 5>«/(l + na:*«) 


1 1,3 1.3.5 , 

’ 2^2.4*^2.4.e^ ^2.4.t>.8 


11. Xl/[l + (n+l}a:"+^} 
1.3. 6. 7 , 


Find by rows, by columns, by diagonals, and by squares 

in Nos. 13, 14. 

13. 0<x<y<l. 

14, a„==2, ar,r^.i = ffr+i,r= " 1> otherwise a,g=0. 


0 

15. If convergent series of positive terms, prove 

that is convergent. 

16. If a double series of positive tenns has a sum by squares 
prove tliat it also has a sum by diagonals and that these sums are 
equal. Also prove the converse. 

17. Discuss as in Nos. 1-4 the convergence of 


l + ^x^ 

l,y 


1.2.y(y+l) 


18. Find XX®jw by rows, by columns, and by squares if 

«w = P'^iP + 1)"“'' - (P + 

19. If the terms of 1 - J + i - i + . . . are rearranged in the order 

l + , prove that the sum becomes 

J log 12, 

20. Prove that the series 
is convergent. 


D.II.A.A. n. 
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Infinite Continued Fractions. The convergents of the con* 
tinned fraction cPj + — ^ are given (p. 244) by 

Pr = <^rPr-i+Pr~i Qr = «f ?r-l + «f-i- 

It is fussumod that ct^, flg, ... are positive integers except 
that a, may be zero pr>pf_i + l, r>2. 

Hence the sequence (p^) is monotone increasing in the strict 
sense and diverges to + oo . Similarly for q^. 

Also from p. 246, — - ^ 

?r ?r-i ffrSf-i 

Putting r = 2, 3, , . . , n and adding, 

Pn P^ ^ 1 » I 

9« 3i 9 «-Wb 

In this series, the terms have alternate signs and decrease in 
absolute value; also the nth term tends to zero when n-^ao , 
Hence by p. 72, the series is convergent. Thus pjq^ tends to a 
limit F. This limit is called the value of the infinite continued 
fraction. It lies between the values of pf^jq^ 
secutive values of n. This gives a limit to the error when a 
convergent is used as an approximation to the value of Uie 
fraction. 


Example 20. Express ^2 as a continued fraction and deduce 
ita value to 3 places of decimals. 

V2 = 1 + ( V2 - 1 ) = 1 + 1/a? where a; = l/( ^2 - 1) = 1 + sl2. 


Hence 


V2=l + 


1 1 I 

2 + 2 + 2 + «i» 


The convergents are I, L Hi I e » • • • • 

It follows that 11= 1'4137 ...< s/2<H = 1-41428 ... and so 
s/2= 1-414 to 3 places of decimals. 
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m 


Example 21. Evaluate 


11111 


2+4 + 2 + 4 + 2+... 

By p. 360, pflq^ tends to a limit, say F. Also 

« In ^ ^ 

Pi«+i/W>-2 + 4+?j„ 

1 F_^+F 
•’* “2 + 4 + T'“'9+2f’ 

whence {F + 2)* = 6. 

But F is positive, = v/6 - 2. 

See Example 14, p, 243. 

„ 1 1 U 1 1 1 
Example 22, Evaluate 2 + 

If3C=- ” " " 03 in Example 21 

1 + 2+U2 + ... 

1 1 x_2-\^ 

®“U2 + I”3 + x 

Thu« ** + 2a; — 2 ; buba:>0, x = \/3~l. ^ 

Hence the value of the given fraction = 2 4- -g- -- = 4-^3. 

,12 3 4 

Example 23. Evaluate ’■•■|^2-(-3 + 4 + ... 

Since p^^^=rp^-hrp,^^ and qr-^i^-rq^ + rq,_,, p^+i 
values of w,.+i which satisfy the difference equation 
-ruj.- rWf _i = 0, (r > 1). 

From Example 9, pp. 232, 233, the solution is 


n (~1)^ 
w d- 


n! 


But Pi = 1, = l> Pj = 2» 


hence 


nl 


:pi=l and nJ 


when n-^oe 


and —-^7 


A the value of the infinite continued fraction is e/(e - 1). 
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Example 24. If b, c are positive, find the value of xjy when 

11111 

a;=a+r - - - - 

6 + o + a + 6 + c + ... 

j 1 I 1 1 1 

and = c + T - - T ~ . 

& + (l + C+& + ffl+... 

From x = a + l - -jit follows that x is the positive root of 
6 + c + a; ^ 

the equation x*{bc + 1 ) - x{abc + a + c - 6) - (ob + 1) = 0. Hence 

by exchanging a and c, y must be the positive root of the equation 

y*{ba+ l)~y{abc + c + a-b) - {c6 + 1) = 0. Therefore - 1/y satisfies 

the same equation as x, and is the negative root. 

Thus ~ ~ product of the roots = r~^ 

y ^ bc-hl 


EXERCISE XlVf 
A 

Express Nos, 1-4 as infinite continued fractions. 

1. 2. VII 3. s/H 

4. V(”^*+ 1) where n is a positive integer. 

Evaluate the infinite continued fractions in Nos. 6-8. 


5. 2 + 


7. 1 + 


111 

3 + 3-f3 + ... 

111111 

4 + 2'+3+2-(-3-^2-f-.,. 


6. 2-f 


1111 
1 + 4-J-4-I-4 + ... 


« b b b 

8. o + - - - 

o-ta-t-a-t . 


B 


Express Nos. 9-12 as infinite continued fractions. 
9. ^26 10. 3-V6 


11. s/{n* + 2), n being a positive integer. 

12. Each root of 6a;® + 2a!: - 1 = 0. 


13. Express s/\5 as a continued fraction. Evaluate the 6*** 
convergent and show that it gives the value of Vl® correct to 
3 places of decimals. 


14, Evaluate 2-f 


11111 

3.fU2-(-l-f2+... 
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C 

16. If a,, a,, , 6|, b,, ... are positive integers, prove that ttie 

odd convergent of + form a monotone itxcreasing 

sequence and the even convergents a monotone decreasing 
sequence. Deduce that {p^/g„) converges or oscillatea, 

16. Ifa; = a + i - ^ - 

and «sso + - T - 7 

o+b + o + b + .n 

prove that zly^ajh. 

17. If af =:0 + 7 - _ _ - - 

b-f c + a + b+c + a + .., 

1 I 1 1 1 1 

^ o + a + b+ c + a+b+.t, 

1 1 1 i 1 1 

l=?C4'" 7 “ ~ 7 - + ••* 

0+0 + C + 0+0 + c 

prove that = ^ + where ( = o + 6 + c + a6a. 

Prove that the infinite continued fractions in Nos. 18*20 ar® 
convergent and find their values. 

18 1 2 3 4 19 1 ? 3 1 

*3* 2-3*>i-5-... 3-4-6-6-... 

20 ^ L? ?J Li 
2+ 2 + 2 + 2 +... 

21. If “ is the rth convergent of o, + — , — , where 0 ^, 0 ,,.,,, 
® a, + o, + ... 

6,, 6„ ... are positi^^e integers, prove that 

(i) P».P5n=(-i)-.5Ari^ 

3« 91.-1 

(ii) 9n>(an««-i + ^B)9i.-i 

(«i) j;t^>r"n (i+x“) 

hh ^ 2 *f+i ^ 

Deduce that Pfl9f tends to a limit when if ^[etf^^a^lbf) is- 
divergent. 
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22, If PjQy P^IQ' are the and (n-l)th convergents of 

a, + — — — and F is the value of the inlinite continued 

aj + a3 + ...o„ 

f 11111 

traction a, + — — — - — , where a, , a , ... are 

a2+...o„ + ai+...On + aj + ... 

positive integers, prove that 

{i) F is the positive root of /(aj) sa;®Q + a;(Q'- P) - P' = 0 j 

(ii) PjP', QIQ' &ie the n*** and (n - 1)^ convergents of 

1 1 

o„+ — ; 

(iii) if F' is the value of the infinite continued fraction 

a + _ — 

- 1/P' is the negative root of /(a;) = 0. 


23. The infimte series Cj + Cj + Cj + . . . and the infinite continued 
fraction ^ -J are said to be equivalent if for every 

ai + a, + aj + ... ^ 

value of n, C„ ^pjqn where G„ = + c, + , . . + c„ and 

h bt. 

ffn Oi + «!+... 


(i) By finding the value of pjqn - Pn^Jg^-i show that the 
continued fraction is equivalent to the series 


h 


?a?3 


(ii) Construct a continued fraction equivalent to the infinite 
series c, + Cj-}-C8 + ... and such that for all values of n, by 
solving the equations 1 + ^« fo^ ^n* 

Hence prove that the series Cj + c, + c, + . .. is equivalent to 


1 -1+Cj/Ci-l-f Cj/Cj-... l + 


(iii) Use the result in (ii) to find the series equivalent to 


l-l-f«|-...l + a„-... 

and to deduce from ^77=1-^ + ^- ^ + ... Brouncker’s expression 
for iff as a continued fraction. 
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MISCELLANEOUS EXAMPLES 
EXERCISE XlVg 
A 

Find tile conditions for the series in Nos. 1-3 to be convergent. 

1. n)*'n~« 

2. - 3V(n + 1) + 3V(n + 2) - sj{n + 3)} 

ah a{a+l)h{bi-l) a(a -f !)(«+ 2)fc{6 + 1){6 + 2) 

' c(c+ l)ci(c?+ l)‘^c(c+ l){c + 2)ci(d+ l)(dT^''' 
where a, b, c, d are positive. 

71— \ fl 

4. If u^— x”+h find when Xw- Is convergent 

" n n+ i 

and give the sum to infinity. 

5. Discuss the convergence of 

(i) 2-! + f-H+f 5-n+... 

(ii) {2-f) + (f-U) + (H-H) + -. 

6. Prove that S ( ^ ov + -77^^~T^ " 7/o ^I'vergent. 

lV^(4n-3) ^/(4n-l) s/(2n}J 

Deduce that tlie series 


■^^y3 V2 '^s/5'^n/7 ^/4■^^/9■^‘*' 
is divergent, although ^ “ ^4 ^ convergent. 


B 

Prove that the series in Nos. 7-12 are convergent. 

7. + M 8. S VT’ 

^\n n + 2 n + 3/ + b 

9. 2{log(l-Hl/«)r 10. 

'11. l+n'log(2n+l)-nlog{2n-l)} 

12. not), txj<l. 

13. Discuss the series in No. 12 when x*= 1 and tx^kir. 
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G 

14. Find the condition that ]S(n log n log Iogn)~*(log log log n)”® 
is convergent. 

te o i.1. - ** V 

15. Sxim the senee — — ---■ t-— — r-. — r where 

X* - 1 X* - 1 X* - 1 X** - 1 

A = 2"“' and x*^^: 1. Show that the infinite aeries is conveigent 
and find its sum to infinity. 

16. If jx I >1 and it = 2 ”“^ show that + is convergent 

and find its sum to infinity. « 

17. Prove that 2 6 *P { “ {log ^)“} converges if and only if « > 1 . 

1 * 2* 3* 4* 

18. Evaluate 3 

19. (i) If Oj>a,>a,>... and a„“^0 and n 6 „ = Oj + o, + ... + a„, 

prove that and that 

(ii) Establish the convergence of the series 
1 1/1 1 \ If 1 1 1 \ 

log 2 2 \log 2^ log 3/ ^3 Vlog 2'*' log 3"^ log 4/ 

20. If 1 ™ *^^^;^^ = ; and 0</<l, prove that m exists such 

fi^ao Jin) 

that J{n)<{^{l+l)]'^^”*J{m) whenever n>m, and that 
when n~>oo . 

Extend the result to -- 1 <Z <0 by proving that l/{n)[->0 
when n-*- oo . 

21. Show that if 0< x< 1 > the series 1 + x + x* + , . . is equivalent 

to the continued fraction 7 r-~ r— r— and deduce 
that ^ ^ 

1 + x- l + x- l + x- ,.. is equal to x if 0 < x< 1 and to i 
if x>l. 


22. Prove that prime numbers exist os large as we please con- 
taining the digit 0 when written in the usual way in the scale of 
ten. 


23. Prove that if m is not a positive integer, the binomial 
series 1 -f- mx + - 1 )x* + . . . diverges for x < - 1 and oscillates 

infinitely for x> + 1. 



ANSWERS 


Page 197 EXERCISE Xa 
1. 60, 10. 

2. 2 a* + 6 S + 1 6 2 a‘6* + 30 S a*hc + 202 a»6» +602 a^b'e 
+ 90o>6*c*. 


3. 360. 4. n* 5. 3«/n! 

6. (n2«+‘+l)/{{n+l){n + 2)} 13. 120 14. 2U2 

15, 37380 16. - 1840 ,18. n(2?i + l) 

20. 2^{n+l)(ri + 2)(n+3) 

23. {1 - (1 - a^r+ni + m? + a:)} ^{(n + l)(n + 2)x*} 


30, 




31. 


(n - 1)! (n+ 1)! 


(2;i+l)! 

33. (i) na;{l +a;)«->{l + (3n.- l)x 

(ii) n(n - l)a;S(l + a:)«-*{6 + 6rw: + n(n + l)a;*}. 


32. [2p]„Hp]n 


Page 207 EXERCISE Xb 

1. i{l-l/(4n+l)}; i 
3. n(3n* + 3n-2) 

5. n(n+ 1)> 

7. 171(71+ l)*{n + 2) 


2. i[A-l/{(3n + 8)(3n+ll)}]; rli 
4. in(125n® + 450nH 295n - 198) 

6. in{n+ l)(n + 4)(n+ 5) 

g 1 I ^ a 

' * 2{n + l) 2(n + 2)' * 


9. 

10 . 

11 . 

12 . 


1 

^ 2(n + l) 2(n + 2)’ * 

11 ^ !! 1 . 11 

^ 6{n + l) 6{n + 2) 3(n + 3)' 

, 5:7.9...2n + 3 

^ ■ "8 .To .12 .7. 2 rr +6 

xxiii 


D.R.I.A. n. 



14, 

16. 

18. 

20 . 

21 . 

22 . 

23. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 
33. 


ADV^ANCED ALGEBRA 
i[i - l/{(2w + 1){2» + 3))] ; tV- 16. i«(4n* + 30n 4- 71). 
n(16n* + 48n*+14n-33). 17. i4i(6n* + 9n+ 1), 

1 3 


in{8n*-6n-l) 
1 1 


19. i- 


1 


16{2n + l) 16{2n4-^3) 


; i 


• 4(2n + l) 4(2n + 3) 
^ n+3 n+2* ’ 


J I 


1 


3(n+l) 6(tt + 2) 6(tt-f3)* 


6 . 8 ... 3n + 2 


-1 


24. 

^ 4.9...5n + 4 * 


3.6... 3n 
fr-l/{3{n+l)(ft + 2){n + 3)} 

! I 

2d ia(a + d) {a + 7id){a + nd + d)) 
in{n+ l){n + 2)(n + 3)(n + 4), 
an(a + nd) + |n(»*- l)d*, 
in(n+l)(6n* + 4n-l). 

^(n+l)(2n-|-l)(3n* + 3»- 1) 

^(n + l)(37i* + 31n + 74). 32. l)(n + 2){2n + 1). 

^{n+ l)(n + 2)(«, + 3){4n + 1). 

1 1 


34. n + l 




35. 

36. 

37. 

38. 

39. 


2(n+l) 2(n + 2) 
1 1 


121 

7^ “ 40(nTl) ~ 40(n + 2) 120(n + 3) 120(n + 4) 

1 


19 


15(n + 6) 
1 


288 24{n+ 1) 24(n + 2) 24(n + 3) 8(n + 4) 

1 / (^+ 1 )! A 

2’^) l/)(^ + 1) ... (i) + n- 1) / 

1 (-l)”.(n + l); 

p + 


ip-l){p-2).,.{p-n) 


-»)} 


2p 


{2p-2)i2p-4)...{2p-2n) \ 
-1 I ^ 1.3.6... (2n-l) / 



ANSWERS 


XXV 


...{d+rfj 






41. (i) 
(ii) 


q / (a + d){a + 2d) ,.,{a + nd) 
a-6 + d I b{b + d) ...{b + nd-d) 




a + b-d 




&(6 + d) ... {b-\-nd~d) 


Page 211 EXERCISE Xc 

1. 3(r+l)(r+2) 2, rlr 3. - 3-h{r(r+ l)[r + 2)(r + 3)) 

4. 2sin0cos2r9 5. 6{r+l) 6. a(;r - 

7. |n(n-l) + c: }n{»+l) 

8. in(n*-I) + cj in(n+l)(n+2) 

9. c+(x-z'^)l(l-x); {x~x'^~^^)l{l~x) 

10. c-l/(4J^+2); i-I/(4n+6) 

11. J(37i + 2)m„ + c ; |^(3w + 4)m„- 2 12. (n + l)!n 

13, 2"+V{^ + 2)-l 14. 2r-fl 15. - 1 -r{r! (r + 2)) 

16. 6(r + 2) 17. log(r(r+2)/(r+l)*) 

18. ^{4n-7)(4n-3}(4w+l)+c; in{16n*+ 12n- 13) 

19. c-n“*; n/{n + l) 20. c + logn; log(n+l) 

21. l-{2"+V(n + 2)!} 22. 2-2"+»^{3"(n+l)} 

23. c + 2 cos i0sin ^n0sin |(w - 1)0 ; 2cos|^sin l?iflsin4(M + 1)0 

24. (7i+l)/(n + 2)!; i 25. a:*-* - (a;+ n)-> ; x-^ 

26. |■-l/{n + 2)!J i 27. (a + d,) ... ...dj 

29. l-l/(3.6...2n+l) 


Page 221 EXERCISE Xd 

1. 10 24 44 70 102 140 ; 14 20 26 32 38 ; 6 6 6 6. 

2. fi-i-f+l 3. + l 4. r(f + 3) 5. (r-2)(r + 3) 

6. in(n* + 3n-l-6) 7. i^i(n2 + 2) 

8. f»-2ri in(n+l){7i» + n-4) 9. 2*‘-^ + 2; 2" + 2n-l 

10. i(10"-l); ^(10«+*-9n-10) 

11. A"w^=16.3’‘~i; A*Mr=32.3''-‘ 12. r‘’-2r + l 

13. i^(r^-10r» + 36r*-26r + 24) 14. 2r*-r + 2 



XXVI 


ADVANCED ALGEBRA 


15. 16, |n{w + l)(n*- 1) 

17. 4r*-l; |n(4n* + 6/? - 1) 

18. i7i(n + l)(3?^* + n- 1) 

19. 3.2»--^-2; 3.2"-2n-3 

20. 3.2"-i + 2r-l; 3.2" + n«-3 21. (-l)"/(n+l) 

22. (-i)”/(n + 2) 23. (r- l)(r- 2)(r + 3) 

24. i{r+I)(r*-4f+12) 25. ^(n- l)(rt- 2)(3n« - 0n+ 1) 

26. r(r + 3)(2r+l); in(n+ l)(3n*+ 17n+ 16) 

27. |r(r*-3r + 8); ^(n+ l)(n* - 3rt + 14) 

28. 2.3’'-* + r*; 3" + i(n- l)(2?i* + 6n + 6) 

29. 7.2"-Hr»-r*; 7(2”- l) + ^(n*- l)(3n + 2). 

Page 223 EXERCISE Xe 

1. 8640 5. 3Jj{(3n-2){3n+l)(3n + 4)(3n+7) + 66) 

6. n/(3n+l) 7. 3”+i - i(5w* + 9n f 6} 11. 360 

12. l/{{n+l)(n + 2)} 14. l-2-”(n+l)-»; 1 

16. |n(48n® + 80n*-6n-47) 

17. i{f - l/(n + 1) - l/{rt + 2) + 2l{n + 3)} 18- -9n + 32) 

21. (l-a){2-a)...(n-l-o)/(n-l)! 22. n(n+ l)/{4n + 8) 

28 /] + + 
a-ll ia + d)ia + 2d).„{a + nd)f 

Page 233 EXERCISE XIa 

1. -2,1; {3-iE-{2n+3)a;” + {2n+ l)a;”+*}(l-a:)-* 

2. [I-25; + {-l)«-*{{3n-M)aj” + (3n-2)a:”+n]{l + a:)~* 

3. {1 + ( - l)”->(2”+i - l)a:« + ( - l)"-»2(2” - 

X {l + 3a:+2a:^)-i 

4. A3'’ + B(-4)^ 6. (A + Br)5^ 

6. Uf - 3«,._i + 3w^-i ~ “r-a - ® 1. Uf- IOm^^i + 21tt^_, = 0 

8. 17- (-4)^ 9. (6-2r)3»‘ 

10. (r + 2)o 11. u^ = A + Bi-lY + 02^ 

12. 3’’ - 2*' + 1 13. (3 - 5r}2^ + ( - 4)^ 

14. (6 cos ra + 1 sin ra}5^~*, coa a:sma:l = 3:4:5 



ANSWERS 


xx\ u 


15. r!-l 16. ihl 17. -2. 1; 13 

1 

18. {l-2:r-}{3"+ l)x” + |(3«-i+l)j;”+>l{l-4a;+3j:*)-i 

19. {1 - x - (2 . 3” - 2^)x^ + (4 . 3” - 3 . 2'')a:«+^}(l - 5.i‘ + eu:*)-* 

20. Ur~A4r + B2^ 21. w^ = A( - l)^ + il( - 2f 

22. =r 0 23. = 0 

24. 2w^ + w^_j-w^_, = 0 25. (r-2)(-l)^ 

26. 2’' + 2*-»' 27. u^ = A + + C{- 3)’’ 

28. 2.3»-H(-4f-i-10. 29. 2^/*sinlr7r 

30. (i^!)/r! 31. -3. 3, -1 ; 31 

32. {I +x* ~ {n^ + n+ l)ic” + 2n*a;”+^ - (n* - n+ 

33. Uf ~ 12w^_j + 36w^_, = 0 

34. i5{(a-- - - {a.'-' - - ,3) 

35. w^= (A + Rr + C'7’*}3’' 36. u^ = A + Br + Cy 

37. r*-7(r-l)* 38. {1 - f l/ifc!}(r!) 39. (r + 3)}/24 

'i 

r-l 

40. (i) f + 1, (ii) (r+ 1) N if »'>1» 

1 

Page 240 £XEECIS£ Xlb 

1. 12(4'--* -S'--*) ; 4"-2.3” + l 

2. I + H''; iw + |(4^-l) 3. 3.2^-*-l; 

4. {l-2a;)/(l-4x + 3ic*); i(3''+l) 

5. {2 + a:)(l-a;)-*; 3r + 2 

6. (l-4a;)/(H-4a; + 4a;»} ; (3r + l)(-2)^ 

7. (l + 2a:)/(l-a:+ar*) 

8. {2 + 3a; + |{2*-« - 7 . 2«)a:« + \{ 1 . 2" - 2^-")a:«+>} 

X (1 -laj + a;*)-* 

9. {l + Xs/2)j{l-Xs/2 + x*) ; cos jTtt + 3 sin ir» 

10. sin ^/{l.- 2a; cos 0 + a:*) ; sm(r + l)f> 

11. 6(2‘'-» + 3''-*) ; 3.2« + 3”-4 

12. 3.+ (-2)''-!; 3n + i{l-(-2)«} 

13. (l + 2»'-i)2*’‘"* ; ^(7.4« + 3.8”-10) 
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xxviii 

14. (2~Ga;)/{I-6a: + 8a:»); 2" + r 

15. (fi- 16a:)/{l-7x+10a;*) ; 3.6'' + 2»‘+‘ 

16. {5-lx)l(l~x-2x^); 2'' + 4{-ir 17. (1 - 3a: + a:« + a;»)-i 

18. {2 - 8ic - (6^ + 3»)2:" + (3 . 5” + 6 . 3")a;"+^}( 1 - 8a; 16a;»)-i 

19. (l + a;)/(l-a: + fr*); (cos^7r + 3sinir7r)/v'2^ 

20. {l + {k + 2)x + i{k ~ 1)®*} { 1 + fee + (2jfc - 7)a;* + (6 - 7k)x'}-^ 

21. (4-20a; + 22a;*)/(l-6a; + lla;>-6a;*) 

22. (4-9a:-7a;*)/(l-3a;»-2a:3) 

23. {8-^lGx)lil-ix + lx*]; 2«-’'{sin^{r + l)ir- 4sin|rir}/V3 

24. (1 -a;) cosfl/(l - 2a:cos 2^? + as*) ; cofl(2r+l)9 

25. l+S{cos|r7^-i^/3sin|r77}3;^ 


Page 248 EXERCISE XIc 

1. 2 + \ \ \ I 2.2 + J5 3. nth red, 8th blue 
l+l+l+S ^ 

7. 9/t + 2, lln-f2 8.50,9 9.16 

11. {2,3’-+» + 3(-2)’'+i}-f{3^+i-(-2)''+n 12. r-» 


13. 1 + 


1 1 1 


14. 3 + .yil 


1+1+1+3+2 

17. 15-17W, 13ft- 11 18. 4 

20. 27-/(l + r) 21. 4 + ^19 

25. 9, 2, 1 ; 2, C, 1 ; 6, 1, 2. 

29. {a{ - I)*--! + a^+»} -r{( -\Y + a^+^). 


19. (2»'-l)“i 


28. i{3 + (-3)»“'-} 


Page 250 EXERCISE Xld 

1. 2“^+t-6^ 2. J(6«-4.3" + 3) 

3. 6(a''-l)/{a-l); br 

4. (4 + 6a;)-r{(l + 2a;){l-a;)}; 3 + (-2)»‘ 6. (r + 2)!-r2 

7. u, = A2^ + B3" + ^; «,=A2^ + B3" + |ar-f |a 

11. i(2^ + 3'*-»-6); K2"+‘ + 3«-10ft-5) 
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12. {\-2x)l(\-Zx)*; (r+3)3^'^ 

13. (l-6aj + 7x*)-f{(l-x)(l-2aj)(l-3»)}; l + 2 *‘- 3 '’ 

14. |(v^3)sin|rir 

19. v^}(r + l)! (ii) (r + l)!{UH... + l/(r+l)} 

20. (o~ 6){1 - a6a;*)(l - aa:)"*(l - bx)-* 

21. \n{n - l){4n ~ 5)a~ n[n - 2)u^ + nw, + n{n - l)w, 

22. - |{a* - + i(a* 3a&® + 

23. u^ = ^a'' + B{-o)’' + 

{cos 6r- a® C08 6{r+2)}(1 ^ 2a* cos 2& + a*)“‘ 

24. M, = {r* + ^r+B)2’'-i 

'l V 3* (2n-3)* 

1+ 2 + 2 +... 2 

Page 258 EXERCISE XII a 

1- 2,4 4. {x + y){x+(oy){x + (ohj) 

i -l±i, 1±V2 6. (x* + ?/T 

9. 1, i{c - liips/(10 + 2c)} where c= ± v'S ; 

10 . a6c, So. 11. ~l,i(l±tv'3) 

13. {x + y-z){x + <oy- (i}h){x + <o^- wz) 14. 2, - a>, <.)* 

15. z* - 2z{c* - d*) + (c* + = 0 ; z* - icdz + {c* + rf®)* = 0 

18. (#- 4a6(i + 46*c=0, 6^0) or a*>c) 

19. fn not integral 20. a6c + ^^}- 

Page 263 EXERCISE Xllb 

1. - 3x + 2. 2, 2x* - 6x + 2 3. (2x - 3)*(x* 4 Iz - 2) 

4. 1-^2, i{- 1 + V5) 5. 8. x-4. 

9. 2ir + 6 10, .T* + x + l 

11. 3x* + 6x + 7 12. ±,/2±sJ5, -1 + ^/2 

' 13. h h -^l±s/5 14. n - 2 divisible by 3 

16. c{(j-6){a + 6 + c + l) = 0 17. r(pHr) = 0 

19. Ipl, -l±ts/2, ifc = l; -I, -1,1±k/2, 

- »> - ii v/2, if c = i -i±^j2, if c ~ ~i. 



XXX 


Al^VAJNUiii) AiiUJi;i5KA 


Page 268 EXERCISE XHc 


1. 1^(1 - 2x) + (x> + 2x+2)P, ^(6 - 5* + 2a;*) - (a;* + I)P. 

In 1, 2 jP ia any polynomial. 

2. i (a; - 2) + («* + 2a; - 3)P, i( - a;* + 4a; - 3) - (a;* - 8a(r + 2}P. 

3. 12 - 29n, - 7 + 17n, n integral. 5. r : a constant. 

6. ^{4a;-ll), A(-8a;* + 22a;+I6) 

7 . x\ x^i-x^-x’ + x+l) 


8. ih(-i*?’ + 7a; + 47),^{a;-ll) 9. 63, ~41. 


Page 275 EXERCISE Xlld 

1. 5 + 7(a;-2) + 4(a;~2)> + (a;-2)» 

2. -i-{2a; + l) + ^{2a;+l)*-2(2a;+l)» + i(2a: + l) 

3. 1 - 2a; + (4 + 3a;)(l -a; + a;*) -a;(l -x + x‘}K 

3 5 


4. 1 + 


2(a;-l) 2(a;-3) 


3 a; + 5 
2Tx+T)‘^2(a:*+l) 


5. u(-^-^J/(a-6) 
\x~a x-b/i 

1 1 3a- + 1 


7. 


a;-l 2(a;+l) 2(a:»+l) 


fc- 


-1, 


a;* + 5a; + c/ 
a;- 1 


f(a* + a6+c) 


10 . 


1 l- 2 a; 

a;*+l a;* + a;+l "" 2(1 - 2a;)^ 2(1 + 2ar) l + 4a;* 

11. l + 4(a; + 2)-3(a; + 2)* + (a: + 2)* 

12. l + 4(a:-l) + 6 (a;-l)» + 4(a;-l)* + (a;-.l)* 

13. 4+ 2a; - 2 ( 4 + 10a;) - 2 *( 6 ““ 12 a;)+ 2*(6 + a;) 




1 


a;- 1 


2(a;-l) 2(a;»+l) 


16. x + 


x + 2 


17. 1 + 


3(x-l) 3(a:» + x+l) 
Ix-a x* + 6* J 


x + 4 


IQ _ __ _ 

x* + 2x + 2^2(x+l) 2(x-l) 
19. l + 'Z{aV{a-b){a-c)ix-a)} 



- ANSWERS 


ZXX] 


( 0? h* \ 

20. x + o + 6 + (— 

- i ( v/2 + 2 ) ( 

22 _1_ Ji 2_ a;v^2-2 _ Xsj2 + 2 

' x-l x+1 a:*+l x^-x»j2 + l x^+Xsj2 + \ 

Page 279 EX£fiCIS£ XUe 

1. (!t-l)-^+(»-l)“> + (aJ-l)-' 

2; i(a; - 1)(1 +«*)-» - \{x - l)-i + (x - l)-» 

3. 28{a; - 3)-' - 28(;c - 2)-» - 26(x - 2)"* - U{x - 2)’» 

4. (a;-I)“i-(a; + l)(a;> + l)->-(2a;+l)(a;» + l)-* 

5. i{4a:-l)(a:*-a:+l)-i-t(*+ir-t(.i^+l)-* 

6. 2(a; + 1)-* + (a; + !)-• - (2z - 1 ) (a:* + 1)“* - 2x(x» + l)-» 

7. 6.2-^**{l + (-in, la: I <2 

8. reven,f{2'-{-ir/*}; f odd,f{2»'+‘ + (- ; | a: | < i 

9. reven,r + 2 + (-l)''^*; rodd, -r- 2 + (- x | < I 

10. Ixz + ixz* + (x + l)z* - i{x + 2)-* where z = l/(x* + 2x + 2) 

11. {x- l)“'-x-»-»-*-x->-x->-x-i 

12. (x-2)-H(x-l)-i + (x-l)-* 

13. H (a? - 2)-' + - 2)-* - - 1)“* - + 3)"‘ 

14. 2(x* + 1)-^ + (x* + 1)-*-2x-» + x-* 

15. V(a:- + -!)■* + -2)“* + f(x- 3)-» 

16. 3(x+ 1)’'‘ + 5(x- 1)-H 2(x -> 1)-*+ 4x{x* + x+ 1)'^ 

17. +1, - 1, 0 for r=3n, 3n+ 1» 3n + 2, n integral ; |xl<l. 

18. 2r + 3-2"+Mx|<i 

19. 10(x - 1)-^ + 4(x - 1)-* + ^x - !)"• - 10(x - 2)-* + 6(x - 2)-» 

-3(x-2)->+(x-2)-* 

20. (x* + 4)-i - Kx - 1)-* + 1 (X - 1)“’ + l(x + 1)"* + i(x + 1)~* 

21. (x^ + 1)-^ - (4x + l)(x* + 1)-* - (x* + 2)-i + (4x+ 2)(x* + 2)"*. 

22. ^(r+ l)(r + 5) + i{ - 1)'‘ + i increased by i if r divisible 

by 3. 



XXXll 


ADVANCED ALGEBRA 


24 ^ t f ^ - 

■ gV(a - a;) j3V{6 - x) pg(o-x)* pV(c-x)* 

+ ^ af^ ~Y ' ?-c-ct, r = a-6. 

25. X + 2«r + 2K'’+V («i - «i)(«i - K|) ••• («i - ««)(»- «i)} 


Page 281 EXEBCZSE XHf 
1, x* + x+ 1, -x*-3 


4. 1 


Ix + a x® + o* J 


5 . 6x-{x-l)-i'(x+l)-‘+16(x-2)-> + 10(a: + 2)-* . 

6. 2(l + x)-H3(l + x)-* + 4(I-2x)-> 

7. i3«'*{18(2 - x)-’ - 6n{2 - x)-> + n(n - I)(2 - x)-i) 

10. 6c{a + 5 + c) = 0 11. oc = 6*, W = c* 

12. -l-s/3, i(7±V37) 

(a-c)(6-c) (a-d)(6-d) 

(c - (i)(x ~c) (c - d) (x - d) 

14. z + (a- 2c)z* + (c*-ac + 6)i:S z= l/(x + o) 

15. (x+ l)(x‘ + 1)“* + (X - 1)(** + ir* ~ ' 1)~' + (» - !)"• 

16. 8(x-' + x-* + x-«)-9(x-l)-> + 2{x-l)“*-(x+l)“i 

+ 2(x-I)(x*+l)-* 

17. ik(x-a)-*-2fc>(a-6){x-a)'i 

+ A;*{2(a - 5)3? + «* - 4o5 + 45* - c}(x* - 26x + o)“*» 

& = («*- 2a5 + c)~L 


Page 290 EXEBCISE XHIa 

1, 3 roots; -2, -1; 0, 1 ; 1, 2 

2. 2 roots; 0, 1 ; 1, 2 4. -9<A;<23 

6. (x - aj . . . (X - + 5*(x - aj . , . (x - = 0 

has r unequal roots if every >Of+i 

11. 3 roots ; - 3, - 2 ; 0, 1 ; 2, 3 

12. 2 roots ; - 1, 0 ; 2, 3 20. 2 roots ; 0, 1 ; 1» 2 

21. 2 roots ; 1, 2 ; 3, 4 



ANSWERS xxxiii 

Page 295 EXERCISE Xlllb 

2. 2, 0 3. 0, 1 4. Ip 1 5. n even, 0, 0 ; n odd, 0, 1 

9. Between - 2, - 1 ; 0, 1 ; 1, 2 10. 2, 1 

U;»0, 2 12. 1, 0 13. 2, 0 

14. n = Z, roots 1, 1, n>6, 2 positive, 1 negative 

17. {6/{n- !)}”“*<, >{aln)^. 25. Between 0, I aud 3, 4. 

Page 301 EXERCISE XIIIc 

1. x^ + 9px - 21q^Q, x{qx + p)^ = q 

2. a,* "" 2aiOj, 90j ~ a^a^ 

3. ajOg - - 2a^* ~ + ia^ 

4. (n - l)a^^ - 2na,, a^a^_Ja„ -n,a^~ - 2«,)/rt„ 

6. 144(ag*-aja3) 6. a^aja^ -3 

7. a^a, - 4^4, 2a^ - 2aja^ + a,* 

8. a:(a; + ai)" + aja: + aiaj-a, = 0 9. {x-{-2qY \ 37 ) ^^0 

10. 32(a3-3aia, + 2%>) 11. 9a,aj - 270^ - 2a/ 

12. g>(a;+l)3+i3M^c + 2) = 0, Q®{x>-'-a:+ 1 1)^==0 

13t 

a:* - + {a^a^ - 4£i4)a; - - a/a* + - 0 

14. 2a^a^ - a, a, - 6a^ 

15. X* + (3flg - ai*)x* + a,{3a, - a/)x + a,* - a/ag - 0, 

x> + (2ag - a/)x* + (4a/aj - Sa^a, - o/)x 

+ 2(a/ - 2a^a.2 + 2a3)* - o/(a/ - 2a,) ^ 0 

16. 16(3agaa - 2ala^ - 4a/a,), \5{(Sa,a,a^ - a/a, - o/). 


Page 305 EXERCISE XIHd 
1. 3x»-9x* + 6x + 2 = 0 

10. |(ft-2)(n' 3)aia,-i{n-l){n-2)a/-!{n*-9?i + 2 )a, 

11 . Wf, - eSjSj + 1 5 V* “ ^ 1 3. Oa* - 2 aaCi 4 + 2a,a^ - 2a, 
14. (n - l)a/ - 4nOi*a, + i{n - 3)a,a, + 2in + - ^na. 

Page 310 EXERCISE Xllle 

1. — 4, — w ~ 3ai*, — <D* - 3a> 

2. ,^4 - 4/2, 0)^/4 - a)«4/4 - w4^2 


3. -7, 11, 11 



XXXIT 


ADVANCED ALGEBRA 


4» ~ 4 , ~o)~2ct)*, 5. 6 cos IrjT, r = 1, 5, 7 

6. 27b^<4a* 7. ,J/12-4/18 10, 3, w + 2ai>, a>*T2/i; 

11. ^3 + 24/9, uj^3 + 2ai*^9, w»4/3 + 2aj^9 

12. -6, -2w-3w*, -2w*-3<w 

13. - 1 - i 4/4 - ^2, - 1 - iw^4 - w*4/2, - 1 - iw* »/4 - (0^2 

14. -H-4coafr7r,r=l, 2, 4 16. 6 - 4^12 - 4/I8 

19. atu** f &a)* ; r, 5 = 0, 1, 2 21. l4-.3^2-.y4 23, y = x + a^ 

25. y* + Ggy* + 9q*y + 4gr* + 27r* = 0. 

(i) 4^® + 27r*>0, (ii) 4?» + 27r* = 0. 


Page 317 EXEKCISE XHIf 

1. liV2, -l±2i 2. i(-3±sy6),i{-l±V17) 

3. 3±2s/2, 2±^/3 4. ±1, -3, -ii{3±v/i5) 

5. i(3±v/21), i(-l±s/13) 8, 26G{P-27J^) 

9. /•<27G*, 2 a:-ax6il and 2 conjugate; /• = 27G*^^0. 2 equal 
a:-axal and 2 conjugate ; / = G = 0, 4 zero ; i*>27G*, 
two pairs of conjugate. 

10. (i) includes (ff = 0, / > 0) ; (v) includes (H = 0, /< 0) 

and {H^O, I = 0), 

11. -2±v/7, 2±V3 12. -3iv/7, 1±W3 

13. 1, 2, i 2±V3 

14. 1, - 1 + c±i\/{10 + 2c)} where c= iv'S 

15. y^~Gy* + 7y^ + 7y^-Gy+l = 0; -2, idbV3,i(ldbV6) 

16. (p -n)(p -n + m)* = (2p -n)* 17. x~2y 

18. + 2 a:«axal and 2 conjugate; G* + 4J!?* = 0, 

3 equal r-axal and another a;*axal ; O = H = 0, 

4 zero. 

19. 2, 2, L L - 1, - 1 

20. (a;-l)* + 3(a; + 2)*, 2(x- 1)>- (a;H-2)* 

21. 2cos m = 2, 8, 14, 20, 26 

22. (UjZ - 2a,)* - 4/(a,2 - 2a,) + 16 J = 0 

23. a+j3=y-}-8; a = )S. 



XXXV 


ANSWERS 

Page 320 EXERCISE XIHg 

1. 2a»-9a6 + 27c = 0; 6’ = a*c 3. cq^^bqr + r* 

6. (i) (36a^c,a, - 27a,» - 8a,^)ja,> (ii) 3(a,* - 9a, a, a, + 9a, 

5, t^>p* 9. Also one root if ?(8l5'’ + 125r*) >0. 

10. + + - 17. ;}®(6>-ac) = a*(?*"?3r) 18. +- 

20. Between a, 6 ; b, c. Also <o if a + 6+c + f?>0, or >c 

ifo4-6 + c + d<0 

21. -^ 16 -^ 25 , -a>8/5-to*^25, -a;»4/5-w^25 

22. One negative 23. + - 

25. 48{a,«^aj); 36a,> - 32a,03 + 2a, ; 16(3a,o, - 2a,a,- 4a,*a,) 

26. r*-pgrH-p*s = 0; {px' + r){rx'+prx+ps)=0 

21. (a>3)/{«+l), (« + 3)/{l-«) 

Page 331 EXERCISE XlVa 

1* 19 2. 1446 6. C, mon. doer., 5 

6. Osc., ±1 7, D, mon. incr. 8. Osc. infin. 

9. C, mon. incr., Itt 10. Osc., ±1 

11. (5)12,6,a; = 5. (9) K aj^^Tr. (10) i - j, 2r = 0, ± I 

13, iv^(28 + 41/€) 14. (7, mon. deer., 0 15. Ose., 1,0 

16. Z>, mon. incr. 17. Undefined forn = 4;n-i- 2 

18. C, mon. deer., 1 19. Osc., ±1 20. U 21. C, 0 

22. Osc. infin. 23. Osc., il 24. Osc. infin. 

25. (20)m= -1. (2l)sinl,(sin5)/V5,x = 0. (23)±l,2r=-0,±l. 

(24) m=: - 1, x= 1, - i. 

26, - ^ 27. mon. deer., mon. incr. 

28. mon. incr., mon. deer. 

Page 337 EXERCISE XlVb 

18. Osc. fin., C. 20. 1 25. (ii) C 

Page 340 EXERCISE XIV c 

1. D. 2. C. 3. D. 4. Oif64c< -1 

5. a * 6. Cif6>l 7. D, 8. D. 

11, Cifg<-2 12. Cif5>l 13.0. 14.0. 

15. D. 16. 0. 19* D. 20. 0. 



XXXVl 


ADVANCED ALGEBRA 


Page 352 EXERCISE XlVd 

1. C. 2. D. 3. C. 

4. a; < - 1, osc, infin , ; D 

5. C. 6. Same answers as 4. 7, D unj^s c = I. 

8. |a;|<l, G; ia;l>LD 9. Gifa>L 10, D, 0, C. 

12. a < c, D to zero ; a~e, G ; a>c, B to + oo 

13. D. 14. G. 15. G. 16. G. 17. GifjajKl 

18. Gif |a;|<l 19. D. 20. G. 21. B. 

22. B to zero if | a; | < 1 or 3?= - 1 ; G if | « j > I or x= 1. 

23. G, G 24. D. 25. Gifp>2 
28. (i) G to 1, (ii) D to zero. 

Page 358 EXERCISE XlVe 

[* denotes non-existence] 

1. D, but undefined if I /ar is a negative integer. 

2. I x |< L abs. C ; [x [ >1 and a;= 1, D; x= - 1, undefined, 

3. x< - L osc. infin. ; x= ~ 1, osc. fin, ; | a; ]< 1, abs. G ; 

x>l,D. 

4. x< - L D } [ X I < 1, abs. G ; x>l, osc. infin. 

5. x(l -x)-* 6, *, *, 4, 2 7. 2, 2, 2, 4 8. 4, 4, 

10. I X [?!: 1, abs. G ; x=-l, G; x = l, D, 

11. [xl>l,abs.G; -l<x<l,D; x=:-l,G. 

12. [ X i< 1, abs. G; x< - 1, osc. infin. ; x= - L G; x>l, D. 

13. x3/^{(l-x)(l-^)} 14. 1,1,*, 2. 

17. jx|<l,abs.G; x= 1, abs, G if y > a+ D if y < a + jS ; 
x= - 1, abs. G if y>a+;3, Gif «+^-l<y<ot + i3, 
osc. fin. if y=a-fj3-l, osc. infin. if y<a+ 1 ; 
x< - 1, osc. infin, ; x>l, B. 

IQ _ 1 i »-l _ 1 
lo. — 2, a> ® 1 


Page 362 EXERCISE XlVf 


, , 1 * 1 * 

*• *+r+r 


4. n + 


i!! 

2n 


[•♦ denotes recurrence] 

1 * 1 * 


1 * 1 * 


5. 1(1 + VIS) 


6. J(9 + v/6) 



ANSWERS 


xxxvu 


7. 

10. - I ~ 

1 * 1 


1 1 * 


12 . - 

S+l +1+1+4 


13. 3 + 


I* ^ 213 

r + ^ 55 

19. (e-2)/{e-l) 


2{a + ^/(a2 + 46)} 

_ !♦ 1* 
11. n + — — 

n + 2n + 

1 1* 1 1 ^ 

1+1 +1+1+4 

14. 4 -s/3 
20. -lH log4 


9. 5 + 


10 “ 


18. 1. 


23. (iii) + . . . 


1 P 3» 6* 

i+i + I + 2 


Page 365 EXERCISE XlVg 

1, g>l or (g'= 1, - 1} 2. I 3. c + rf - a - 6 >1 

4. -l<a;<lj Oif|x}<l, - lifa;=l 

5. (i) osc. 6n., (ii) C. 13. Osc, fin. 14. p>l 

15, a;s*/(a:»*-l) ; 1 if 1 a; 1 >1, 0 if | a: | < 1 

16. l/(a;-l) 18. 1. 







